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We show how to perform sparse approximate Gaussian elimination for undirected Laplacian
matrices and directed Laplacian matrices. This leads to the simplest known nearly-linear
time solvers for linear equations in these matrices. For directed Laplacians, the approach
- gives the first known nearly-linear time linear equation solver. This in turn gives nearly-
linear time algorithms for computing many interesting properties of a random‘ walk matrix,
including its stable distribution.

For undirected Laplacians, this is the first solver that is based purely on random sam-
pling, and does not use any graph theoretic constructions such as low-stretch trees, sparsi-
fiers, or expanders. The crux of our analysis is the use of matrix martingales to bound the
error accumulation of the algorithm.

To develop and analyze the algorithm for directed Laplacians, we build on and extend
recent developments in spectral graph theory for directed graphs, which combined with a
matrix martingale analysis leads to a simple and fast solver. The algorithm relies on a sur-
prising routiner for performing unbiased, sparse approximation of the Cholesky factorization
on a type of matrix known as an Eulerian Laplacian.

We also show how Approximate Gaussian Elimination can be used to compute sparse
approximations of Schur complements of Laplacians, and how this in turn leads to the first
algorithm for sampling random spanning trees in dense and/or weighted graphs faster than
matrix multiplication time. This is the first improvement in running time for this problem

in dense graphs in more than 20 years.
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Chapter 1

Introduction

Solving Linear Equations. Solving systems of linear equations is a fundamental algo-
rithmic problem. Gaussian Elimination, an algorithm for solving linear equations, has been
studied since 179 CE, and possibly much earlier [Cal99).

Given a matrix A € R™™ and a vector ¢ € R", we can solve the linear system Az = ¢
in O(n*) time, where w is the matrix multiplication constant, for which the best currently
known bound is w < 2.3727 [Str69, Will2]. Such a running time bound is cost prohibitive
for the large sparse matrices often encountered in practice. However, for certain classes of
matrices, we can develop much faster solvers for systems of linear equations. Two of the most

important such classes are Symmetric Diagonally Dominant (SDD) and Laplacian matrices:

e A symmetric matrix M is called Symmetric and Diagonally Dominant (SDD) if for all
e An SDD matrix U is a Laplacian if U(i, j) < 0 for i # j, and for all 3, Z]- U(i,j) =0.

A Laplacian matrix is naturally associated with a graph on its vertices, where i and j

are adjacent if U(s,5) # 0.

When M is an n X n SDD matrix with m non-zeros, and polynomially bounded en-
tries, the linear system Mz = ¢ can be solved approximately to e-accuracy in O((m +
n)log!/?+°(M) nlog(1/€)) time [ST14a, CKM*14a]. The solvers work with Laplacian matri-
ces, but a reduction due to Gremban [Gre96|, shows that an approximate solver for Lapla-

cians can be used to solve SDD linear systems with only constant factor overhead in the



running time. The result of Spielman and Teng spurred a series of major developments in
fast graph algorithms, sometimes referred fo as “the Laplacian Paradigm” of designing graph
algorithms [Ten10].

The asymptotically fastest known algorithms for Maximum Flow in directed unweighted
graphs [Mad13, Mad16], Negative Weight Shortest Paths and Maximum weight match-
ings [CMSV17], Minimum cost flows and Lossy generalized flows [LS14, DS08a], sam-
pling spanning trees in unweighted graphs [KM09b, MST15a] all rely on fast Lapla-
cian linear system solvers. Other applications include solutions of partial differential
equations via the finite element method [Str86, BHVO08], semi-supervised learning on
graphs [ZGLO03, ZS04, ZBL.* 04|, graph partitioning [OSV12], and more [CKM™11,LS13,
MST15b,KMP12,SS11a,DS08b,She09,KM11]). Without direétly using linear system solvers,
applications of ideas and techniques from the solver of Spielman and Teng have been useful
a range of problems in other domains [Shel3, KLOS14, DKP+16,Mad10,ADK+16])

Only very recently were close-to-linear time linear system solvers obtained for matrix
families beyond SDD matrices. Nearly-linear time solvers were extended to symmetric M-
matrices [DS08a]. Beyond these, nearly linear-time solvers have been obtained for Block
Diagonally Dominant matrices and Connection Laplacians [KLP*16]. Progress on spectral
theory of directed graphs [CKP*16a, CKP*16b, CKK*17] made it possible to develop the
first nearly-linear time solver for Row (respectively Column) Diagonally Dominant matrices,

and Directed Laplacians, which we present in this thesis.

o A matrix M € R™" is Row Diagonally Dominant if for all 4, M(4,7) > 3, [M(i, 7)|.
Similarly, the matrix is Column Diagonally Dominant if for all i,
e A matrix L € R™" is called a directed Laplacian if (1) its off diagonal entries
are non-positive, ie. L(i,7) < 0 for all i # j, and (2) it satisfies T'L = 0, i.e.

L(i,4) = — ;4 L(4, 1) for all i.

Our linear equation solver for Directed Laplacians gives the first nearly-linear time algo-

rithms for computing e-approximations to various properties of random walks on directed



graphs, including stationary distributions, personalized PageRank vectors, hitting times,
and escape probabilities [CKP*16a].

There are essentially two main approaches to solving systems of linear equations, from
which most other algorithms are derived (e.g. see [TBI97]). The first approach is “direct
solvers”, of which the most basic is Gaussian Elimination Applied to a non-singular matrix
M, Gaussian Elimination produces a factorization (LU-decomposition) M = LU, where £
is a lower-triangular matrix and U is an upper-triangular matrix. Such a factorization allows
us to solve a system Mz = b by computing £ = M~1b = (U~1)TL71b. The inverse of L,
and U can be applied quickly since linear systems in lower- and upper-triangular matrices A
can be easily solved in time proportional to the number of non-zero entries in the matrix by

Vback— and forward-substitution. When the input matrix is positive semi-definite, Gaussian
Elimination can be used to factor it as M = £LT, where £ is lower triangular. This is
referred to as a Cholesky factorization.

The second main approach to solving systems of linear equations is iterative methods.
Roughly speaking, iterative methods start from a trivial initial guess for the solution, and
repeatedly improve the approximate solution by correcting for errors in the current estimate.
Iterative methods converge quickly if the estimates of the error in the current approximate
solution are are sufficiently accurate.

The most basic iterative method is Iterative Refinement. To solve the system Mz = b,
where M is a square matrix, Iterative Refinement starts with a trivial initial guess for the
solution, usually (® = 0, and then updates the solution by subtracting the residual error
in (9 given by Mz® — b, i.e. 20+t = 26 — (Mz® — b). Tterative Refinement is only
guaranteed to convergence when M is in some sense very similar to the identity matrix.

Both direct solvers and iterative methods have their drawbacks: Direct methods usually
produce dense matrices, which inherently makes them slow, especially when the input matrix
is sparse. Iterative methods require good ways to produce estimates of the error in the
current solution, which is usually difficult when the input matrix has a large condition
number.

The fundamental obstacle to using Gaussian Elimination to quickly solve systems of

linear equations is that £ and U can be dense matrices even if the original matrix M is



sparse. The reason is that the key step in Gaussian Elimination, eliminating a variable, say
x;, from a system of equations, creates a new coefficient M/ (j, k) for every pair j, k such that
M(j,4) and M(%, k) are non-zero. This phenomenon is called fill-in. For Laplacian systems,
eliminating the first variable corresponds to eliminating the first vertex in the graph, and
the fill-in corresponds to adding a clique on all the neighbors of the first vertex. Sequentially
eliminating variables often produces a sequence of increasingly-dense systems, resulting in
an O(n3) worst-case time even for sparse M.

The fundamental obstacle to using iterative methods to quickly solve linear equations
is the need to produce sufficiently good estimates for the error in the current solution. For
symmetric matrices with positive eigenvalues, the convergence rate of iterative methods
depends on the condition number of the matrix, which generally an be extremely large. In
the case of asymmetric matrices, for iterative methods to guarantee convergence at all, the
matrix must usually be close to the identity matrix in a strong sense.

Iterative methods can sometimes be accelerated using a tool known as preconditioning.
This technique involves constructing a linear operator Z that is an approximation of M and
has the property that Z~! can be applied cheaply. Then for any approximate solution z®,
the error in the solution, M~b — &(?) can be approximated by Z_l(Mm(i) - b).

The central contribution of this thesis is to show that for several families of matrices,
we can construct sparse and high-quality preconditioners using an approximate version of
Gaussian elimination, essentially by randomly discarding most of the entries created by
elimination. The preconditioner we produce is a sparse factorization Z = LU that gives an
excellent approximation of M, and ensures that Z~! can be applied quickly.

Using these preconditioners in Iterative Refinement gives an extremely simple algorithm
for solving Laplacian systems of linear equations in nearly linear time, and it lets us develop
the first nearly-linear time algorithm for solving systems of linear equations in Directed
Laplacians.

While this dissertation is focused on theoretical analysis of algorithms, the extremely
simple algorithms we develop here for solving systems of linear equations suggest that the
Laplacian paradigm may finally be reaching the stage where implementations of theoretically

sound and asymptotically fast algorithms will change the way we solve a large range of



problems in practice. One example is the Laplacians.jl GitHub repository, where Laplacian
linear equation solvers inspired by Approximate Gaussian Elimination are actively being

developed.

Approximation of Laplacian Schur Complemehts. As a byproduct of our algorithm
for approximate Gaussian Elimination, we also .get a technique for efficiently computing
‘sparse approximations of Schur complements of Laplacian matrices. The Schur complement
of a square matrix onto a set of variables is the remaining matrix after all other variables
have been eliminated using Gaussian Elimination. There are several connections between
Schur complements and random spanning trees, which we leverage to give a faster algorithm

for sampling random spanning trees.

Sampling Random Spanning Trees. Random spanning trees are one of the most well-
studied probabilistic structures in graphs. Their history goes back to the classic matrix-tree
theorem due to Kirchoff in 1840s that connects the spanning tree distribution to matrix
determinants [Kir47]. The task of algorithmically sampling random spanning trees has been
studied. extensively [Gue83, Bro89, Ald90, Kul90, Wil96, CMN96,KM09a, MST15a, HX16].

Over the past decade, sampling random spanning trees have found a few surprising
applications in theoretical computer science — they were at the core of the breakthroughs
in approximating the traveling salesman problem in both the symmetric [GSS11] and the
asymmetric case [AGM'10]. Goyal et al. [GRV09] showed that one could construct a cut
sparsifier by sampling random spanning trees.

We leverage connections between Laplacian matrix Schur complements and our new
algorithm for approximating these to give the first algorithm for sampling random spanning
trees in dense and/or weighted graphs faster than matrix multiplication time. This is the

first improvement in running time for this problem in dense graphs in more than 20 years.

1.1 Prior Work

Linear Equation Solvers for Laplacians. Though the current best algorithm for solv-

ing a general n X n positive semidefinite linear system with m non-zero entries takes



time O(min{mn,n?2373}) [Will2], a breakthrough result by Spielman and Teng [ST04a,
ST14b] showed that linear systems in graph Laplacians could be solved in time Ov(m .
poly(logn) log %) There has been a lot of progress over the past decade improving their
breakthrough result, making it faster, simpler, and more parallelizable [KMP10,KMP11,
KO0SZ13,CKM*14b,PS14, KLP*16], and the current best running time is O(m log% nlog %)
(up to polylog n factors) [CKM™14b]. All of these algorithms have relied on graph-theoretic
constructions — low-stretch trees [ST04a, KMP10,KMP11,KOSZ13,CKM™ 14b], graph sparsi-
fication [STO4a,KMP10,KMP11,CKM+14b,P814], and explicit expander graphs [KLP+16].
In contrast, our algorithm requires no graph-theoretic construction, and is based purely
on random sampling. Our result only uses two algebraic facts about Laplacian matrices: .
1. They are closed under taking Schur complements, and 2. They satisfy the effective resis-

tance triangle inequality (Lemma 3.1.5).

Comparing Approximate Gaussian Elimination to Incomplete Cholesky Factor-
ization. A popular approach to tackling fill-in is Incomplete Cholesky factorization, where
we throw away most of the new entries generated when eliminating variables. The hope is
that the resulfing factorization is still an approximation to the original matrix L, in which
case such an approximate factorization can be used to quickly solve systems in L. Though
variants of this approach are used often iﬁ practice, and we have approximation guarantees
for some families of Laplacians [Gus78, Gua97,BGHT06], there are no known guarantees for
general Laplacians to the best of our knowledge. Most variants of incomplete Cholesky in
the literature are deterministic algorithms. A notable exception is a randomized rounding
scheme proposed by Clarkson [Cla03] that he experimentally showed performs well on some

madtrices.

Directed Laplacians. For symmetric diagonally dominant matrices, which include the
Laplacians of undirected graphs, Spielman and Teng gave an algorithm in 2004 [ST04b] to
solve the corresponding linear systems in nearly-linear time, spurring the development of
the “Laplacian Paradigm”.

However, while this approach has been incredibly successful for symmetric linear systems



and undirected graph optimization problems, comparable results for their asymmetric or
directed counterparts have proven quite elusive. In particular the techniques for solving
Laplacian systems seemed to rely intrinsically on multiple properties of undirected graphs,
and, until recently, the best algorithms in the directed case simply treated the Laplacians
as unstructured matrices and applied general linear algebraic routines, leading to super-
quadratic running times.

Two recent papers [CKP+16a, CKPT16b] suggested that it may be possible to close this
gap, potentially laying the foundation for a new class of nearly-linear-time algorithms for
directed graphs and asymmetric linear systems. The first paper [CKP*16a] showed that lin-
ear systems involving several natural classes of asymmetric matrices, including Laplacians of
directed graphs, general square column diagonally dominant matrices, and their transposes
(called row diagonally dominant matrices), could be reduced with only polylogarithmic over-
head to solving linear systems in the Laplacians of Eulerian graphs. It then showed how
to use these solvers, again with only polylogarithmic overhead, to compute a wide range of
fundamental quantities associated with random walks on directed graphs, including the sta-
tionary distribution, personalized PageRank vectors, hitting times, and escape probabilities.
The paper combined these reductions with an algorithm to solve Eulerian Laplacian systems
in time 5(m3/ 4n, + mn2/3) to achieve faster (but still significantly super-linear) algorithms
for all of these problems.?

The second paper [CKP*16b] provided an improved solver for Eulerian systems that runs
in almost-linear time O (m+n20(‘ﬁ‘m)), thus providing almost-linear-time algorithms
for all of the problems reduced to such a solver in [CKP*16a].

In this dissertation, we close the algorithmic gap between the directed and undirected
cases (up to logarithmic factors) by providing an algorithm to solve Eulerian Laplacian

systems in time O(m).

1. Following the notation and terminology of the previous papers, we use O notation to suppress terms
that are polylogarithmic in 7, the natural condition number of the problem &, and the desired accuracy e.
We use the term “nearly linear” for algorithms that run in time O(m) = O(m)log®® (nke), and “almost
linear” for algorithms that run in time O(m(nke™1)°®).



Schur Complements. Very little prior work exists on Schur complgment approximation.
One paper showed how to approximate Schur complements of onto special submatrices of
Laplacians [KLP*16], but their approach to obtaining an e-approximate Schur complement
required ¢4 scaling of the edge density in the output, as opposed to our scaling of ¢~2.
These two restrictions on subsets and density mean that this earlier result would not be

useful for sampling spanning trees.

Random Spanning Trees. One of the first major results in the study of spanning trees
was Kirchoff’s matrix-tree theorem, which states that the total number of spanning trees
for general edge weighted graphs is equal to any cofactor of the associated graph Laplacian
[Kir47].

Much of the earlier algorithmic study of random spanning trees heavily utilized these
determinant calculations by taking a random integer between 1 and the total number of trees,
then efficiently mapping the integer to a unique tree. This general technique was originally
used in [Gue83, Kul90] to give an O(mn3)-time algorithm, and ultimately was improved to
an O(n“)-time algorithm by [CMN96|, where m,n are the numbers of edges and vertices
in the graph, respectively, and w = 2.373 is the matrix multiplication exponent [Will2].
These determinant—bésed algorithms have the advantage that they can handle edge-weighted
graphs, where the weight of a tree is defined as the product of its edge weights.? Despite
further improvements for unweighted graphs, no algorithm prior to our work improved upon
this O(n¥) runtime in the general weighted case in over 20 years since this work. Even for
unweighted graphs, nothing faster than O(n*) was known for dense graphs with m > nl78,

We now give a brief overview of the improvementé for unweighted graphs along with a
recent alternative O(n®) algorithm for weighted graphs.

Around the same time as the O(n“)-time algorithm was discovered, Broder and Aldous
independently showed that spanning trees could be randomly generated with random walks,
where each time a new vertex is visited, the edge used to reach that vertex is added to the

tree [Bro89,A1d90]. Accordingly, this results in an algorithm for generating random spanning

2. To see why this definition is natural, note that this corresponds precisely to thinking of an edge with
weight k as representing k parallel edges and then associating all spanning trees that differ only in which
parallel edges they use.



trees that runs in the amount of time proportional to the time it takes for a random walk
to cover the graph. For unweighted graphs this cover time is O(mn) which in expectation
is better than O(n¥) in sufficiently sparse graphs and worse in dense ones. However, in the
more general case of edge-weighted graphs, the cover time can be exponential in the number
of bits used to describe the weights. Thus, this algorithm does not yield any improvement in
worst-case runtime for weighted graphs. Wilson [Wil96] gave an algorithm for generating a -
random spanning tree in expected time proportional to the mean hitting time in the graph.
This time is always upper bounded by the cover time, and it can be smaller. As with cover
time, in weighted graphs the mean hitting time can be exponential in the number of bits
used to describe the weights, and so this algorithm also does not yield an improvement in
worst-case runtime for weighted graphs.

Kelner and Madry improved upon this result by showing how to simulate this random
walk more efficiently. They observed that one does not need to simulate the portions of the .
walk that only visit previously visited vertices. Then, they use a low diameter decomposition
of the graph to partition the graph into components that are covered quickly by the random
walk and do precomputation to avoid explicitly simulating the random walk on each of
these components after each is initially covered. This is done by calculating the probability
that a random walk entering a component at each particular vertex exits on each particular
vertex, which can be determined by solving Laplacian linear systems. This approach yields
an expected runtime of O(m+/m) for unweighted graphs [KM09a).

This was subsequently improved for sufficiently sparse graphs with an algorithm that also
uses shortcutting procedures to obtain an expected runtime of 5(m4/ 3) in unweighted graphs
[MST15a]. Their algorithm uses a new partition scheme based on effective resistance and
additional shortcutting done by recursively finding trees on smaller graphs that correspond
to random forests in the original graph, allowing the contraction and deletion of many edges.

Recently, Harvey and Xu [HX16] gave a simpler deterministic O(n“) time algorithm that
uses conditional effective resistances to decide whether each edge is in the tree, contracting
the edge in the graph if the edge will be in the tree and deleting the edge from the graph if

the edge will not.> Updating the effective resistance of each edge is done quickly by using

3. Note that for any edge e, there is a bijection between spanning trees of the graph in which e is contracted



recursive techniques similar to those in [CDN89| via an extension of the Sherman-Morrison

formula.

1.2 Results

Approximate Gaussian Elimination for Laplacians. Informally, the algorithm for
generating the LU-decomposition of a Laplacian using Gaussian Elimination can be ex-

pressed as follows:

fori=1ton—1do ,
Use equation i to express the variable for vertex ¢ in terms of the remaining

variables.
Eliminate vertex ¢, adding a clique on the neighbors of 4.

end

Our algorithm for generating a sparse LU-decomposition using approximate Gaussian
Elimination can informally be expressed as follows (see the routine MASTERCHOLAPX,

Algorithm 1, in Section 3.1 for a precise description):

Randomly permute the vertices.

fori=1ton—-1do ,
Use equation 7 to express the variable for vertex 7 in terms of the remaining

variables.

Eliminate vertex ¢, adding random samples from the clique on the neighbors of <.

end

We prove the following theorem about our algorithm, where for symmetric matrices

A, B, we write A =~ B if ¢ B — A and eA — B are both positive semidefinite (PSD).

Theorem 1.2.1 (Approximate Cholesky Factorization for Laplacians). Suppose U € R™*™
is a Laplacian matrix with m non-zero entries. Given a scalar § < 1 /nloo, the algorithm

CHOLAPX(U,d) returns an approzimate Cholesky factorization £ s.t. with probability at

and spanning trees of the original graph that contain e. Similarly, there is a bijection between spanning
trees of the graph in which e is deleted and spanning trees of the original graph that do not contain e.

10



least 1 — O(9),
LLT 7y, U.

The mazimum number of non-zero entries in L and the total running time are both bounded

by O(mlog?(1/6)logn).

As an immediate consequence of using the sparse approximate Cholesky factorization

combined with Iterative Refinement we get a nearly linear time Laplacian solver.

Corollary 1.2.2 (Laplacian Linear Equation Solver). Suppose G = (V,E) is a con-
nected undirected multi-graph with positive edge weights w : E — Ry, and associated
Laplacian U, and that G has m multi-edges. Given a scalar 6 < 1/n'%0, the algorithm

CHOLAPXSOLVER(U, ¢, 4, b) returns & s.t. with probability at least 1 — O(9),
&= U*bly <[ U], (1)

The running time is bounded by O(mlog?(1/6)lognlog(1l/e)).

The proof of Theorem 1.2.1 is short, fitting in less than ten pages. This is in stark
contrast to the original result of Spielman and Teng [ST14a], which was eventually split
into three paper spanning about a hundred pages. This is in large part because improved
random matrix theory lets us do away with most of the original algorithmic machinery of
their result.- The simplified algorithm in turn helps generalize the result beyond Laplacians.

A crucial element of the proof of Theorem 1.2.1 is the use of matrix martingales. Taking
an unusual, additive perspective on the process of Gaussian Elimination allows us to analyze
a sequence of interleaved eliminations and sampling, unlike previous work which dealt with
these procedures separately. This additive view also lets us show that our algorithm in
fact computes an unbiased estimator of the LU-decomposition of the input matrix. The
interleaving of eliminations and sampling creates dependencies between random .variables
being analyzed, and to handle these dependencies, we use matrix martingales, in particular
Tropp’s Matrix Freedman’s theorem [Trolla]. Other key ingredients of the proof include

the use of a randomized order of elimination, which helps us control the variance of the

11



process, and our approach to control of leverage scores of samples. In previous solvers,
leverage score estimates are obtained using fairly involved procedures (e.g. low-stretch trees,
ultrasparsifiers, or the subsampling procedure due to Cohen et al. [CLM*15]). In contrast,
our solver starts with the crudest possible estimates of 1 for every edge, and then uses the
triangle inequality for effective resistances (Lemma 3.1.5) to obtain estimates for the new
edges generated. We show that these estimates suffice for constructing a nearly linear time

Laplacian solver.

Approximate Gaussian Elimination for Directed Laplacians. We develop the first
nearly-linear time solver for linear systems in Directed Laplacians. The core of our algo-
rithm is the use of approximate Gaussian elimination to compute a sparse approximate
LU-decomposition of Eulerian Laplacians — a subclass of Directed Laplacians where the as-
sociated graph has weighted in-degree equal to out-degree at every vertex. We combine this
with a reducﬁon from the general case of solving linear equations in Directed Laplacians to
systems in Eulerian Laplacians, developed in [CKP*16a].

Our algorithm for approximate LU-decomposition of an FEulerian Laplacian is

EULERIANLU, and its perforﬁlance is described by the theorem below.

Theorem 1.2.3 (Approximate LU-decomposition for Eulerian Laplacians). Given an Eu-
lerian Laplacian L € R™ ™ with m nonzero entries and any € € (0,1/2), and § <
1/n, in O(m +ne8log®M(1/8)) time, with probability at least 1 — O(8) the algorithm
EULERIANLU(L, 6, €), produces lower and upper triangular matrices £ € R™" and U €
(ny (L +LT)/2, (CU)TFI(LU) =

R™ ™ such that for some symmetric PSD matriz F ~,,,

1/0(log?n) - F, ||F1/2(L — LU)F/2||y < € and maxnnz(L), nnz(U)] < nlogPM(1/8) - 6.

Using the approximate L U-decomposition as a preconditioner inside Iterative Refinement

(see Lemma 5.0.6 4), we then obtain a linear equation solver for Eulerian Laplacians.

Corollary 1.2.4 (Nearly-Linear Time Solver for Eulerian Laplacians). Given an Eule-

rian Laplacian L € R™"™ and a vector b € R™ with b L 1, and ¢ € (0,1/2), in

4. For historical reasons, this lemma refers to the routine as Preconditioned Richardson, although it is
more accurately understood as Iterative Refinement
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O(m1og®M nlog(1/€)) time we can w.h.p. compute an e-approzimate solution & to Lz = b

in the sense that ||& — IffbHUL <e HLTbHUL where U, = (L +LT)/2.

Combining this result with reductions proved in [CKP*16a|, we immediately obtain
nearly-linear running times (i.e., linear up to polylogarithmic factors in n, m, and a natural

condition number-like quantity) for all of the following problems:

e solving row diagonally dominant (or column diagonally dominant) linear systems in-

cluding arbitrary (non-Eulerian) directed Laplacian systems
e computing the stationary distribution of a Markov chain
e personalized PageRank
e obtaining polynomially good estimates of the mixing time of a Markov chain
e computing the hitting time from one vertex to another

e computing escape probabilities for any triple of vertices

e computing all-pairs commute times®

The core of the algorithm EULERIANLU is a novel routine for unbiased, sparse approxi-
mation of Gaussian Elimination on Eulerian Laplacians. The routine preserves the null space
of the approximate LU-decomposition, which essentially requires maintaining all vertex de-
grees exactly. A priori the existence of a unbiased, sparse, efficiently computable estimator
that always maintains the correct nullspace exactly is rather surprising. The sampling we
use to approximate the elimination process requires slightly more samples than in the case of
undirected Laplacians. This means the matrix slowly grows dense and occasionally we need
to sparsify all of the remaining matrix. Here “sparsify” means producing an approximate
version of‘ the matrix that is sparser than the input. We sparsify the matrix by making

black-box use of the routine developed for this in [CKP*16a]. An informal sketch of the

5. If one wishes to combute commute times for a number of pairs greater than the number of edges in the
graph, the runtime will be nearly-linear in the output size instead of the number of edges.
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algorithm is stated below:

Randomly permute the vertices.

fori=1ton—1do
Use equation i to express the variable for vertex ¢ in terms of the remaining

variables.
Eliminate vertex ¢, adding random samples from the clique on the neighbors of 4.
if The remaining matriz is too dense then
Sparsify the matrix.
end

end

To prove Theorem 1.2.3, we also need several other components. Measured using a
natural notion of ordering of positive semi-definite matrices, Schur complements of undi-
rected Laplacians are always smaller than the original matrix. This is very important for

bounding the variance of the approximate Gaussian Elimination routine in the proof of The-
| orem 1.2.1. An analogous fact is not true for Eulerian Laplacians: Some Schur complements
grow very large compared to the original matrix. To control the variance of the elimina-
tion process regardless, we carefully choose the sets we eliminate, and show that for these
special sets, the Schur complements are not growing too quickly. A technical contribution,
but which may be of independent interest, is that we measure the approximation quality of
the LU-decomposition w.r.t. a norm that is generated on the fly and depends on random
choices made by the algorithm. We then show that Iterative Refinement using our LU-
decomposition as a preconditioner will will converge measured in this execution-dependent
norm — and eventually demonstrate that the final output is close in the usually preferred

NOITII.

Approximation of Laplacian Schur Complements and Sampling. If we perform a
partial LU-decomposition of an n x n matrix M, eliminating only a subset of the variables
F C [n], the remaining matrix on the remaining subset of the variables C = [n]\ F is
referred to as the Schur complement of M onto C, which we denote by Sc[M]. The Schur

complement is introduced in Section 2.3.3. It can be shown that SC[M], does not depend
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on the order in which the variables in F' are eliminated.

Theorem 1.2.5 (Approximation of Laplacian Schur Complements). Suppose U € R™*"
18 a Laplacian matriz with m non-zero entries. Given a set vertices C C V, and scalars
0<e<1/2,0<6<1, the algérithm ScHURAPX(L, C,¢,d) returns a Laplacian matriz
S. With probability > 1 — 0(6), the following statements all hold: S ~e Sc[U]s. S is
a Laplacian matriz whose edges are supported on C. Let k = |C| = n — |F|. The total
number of non-zero entries S is O(ke~2log(n/6)). The total running time is bounded by

O((mlognlog?(n/8) + ne~2lognlog*(n/8)) polyloglog(n)).

The proof of Theorem 1.2.5 relies on combining techniques used to prove Theorem 1.2.1
with more stages of sparsification to ensure the output is sufficiently sparse, as well as
combining both additive an multiplicative views of partiél LU-decompositions to show that
in fact spectral approximation between LU-decompositions of PSD matrices implies spectral’

approximation of their respective Schur complements.

Sampling Random Spanning - Trees. In an unweighted graph, a uniformly random
spanning tree is simply a spanning tree of the graph chosen uniformly among all its spanning
trees. In a weighted undirected graph, the natural generalization of this distribution is to
sample a tree with a probability that is proportional to the product of the weights of the
edges in the tree. Restricted to integer weights, we can think of weights as counting multi-
edges and letting each choice of multi-edge give rise to a distinct spanning tree. Given an
undirected, weighted graph G (V, E,w), we study the algorithmic task of sampling a random
spanning tree from this distribution.

Schur complements of Laplacian matrices are closely related to the problem of sampling
random spanning trees from undirected graphs. Schur complements can be used to measure
the probability of an édge appearing in a random spanning tree. For example, in an un-
weighted graph, if an edge exists between vertices 7 and j, then SC[U] (i3} is the Laplacian of
a single edge with some weight w, and 1/w is the marginal probability that edge 7, j appears
in a random spanning tree of the graph.

We leverage this connection and the above result on Schur complement approximation to

give the fastest known algorithm for sampling random trees in dense and weighted graphs.
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We give an algorithm for this problem, that, for a given § > 0, outputs a random spanning

tree from this distribution with probability 1 — & in expected time O(n®3m1/31og*(1/6)).

Theorem 1.2.6 (Sampling Random Spanning Trees). For any 0 < § < 1, the rou-
tine GENERATESPANNINGTREE (Algorithm 5) outputs a random spanning tree from

the w-uniform distribution with probability at least 1 — & and takes expected time

O(max {n4/3m1/?, n?} log*(1/6)).

Beyond our tools for approximating Schur complements, the proof of Theorem 1.2.6 also
requires a few other interesting ideas. The starting point for our algorithm is the O(n¥)
algorithm of Harvey and Xu [HX16] which has the same running time as the algorithm
of Colburn et al. [CMN96], but is much simpler. The bottle-neck of this algorithm is the
computation of Schur complements of Laplacians, and so we are able to accelerate it using
Theorem 1.2.5. However, the algofithm requires us to sample a sequence of edges using
probabilities calculated based on Schur complements. Introducing small errors in these
probabilities could quickly make the sampling process diverge from the desired distribu-
tion. Instead,l we use a powerful trick to sample from the exact distribution, by adaptively

computing higher accuracy estimates of the probabilities when necessary.

1.3 Bibliographic Notes

The material presented in Chapter 3 is based on the paper [KS16] co-authored with Sushant
Sachdeva, except for the séction on Schur complement approximation, which is. based
on [DKP716], co-authored with David Durfee, John Peebles, Anup B. Rao, and Sushant
Sachdeva. The same paper is the source of the material in Chapter 4. The material in
Chapter 5 is based on the still unpublished paper [CKK*17], co-authored with Michael B.
Cohen, Jonathan A. Kelner, John Peebles, Richard Peng, Anup Rao, and Aaron Sidford.
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Chapter 2

Preliminaries

In this chapter, we review a number of central concepts that will be useful to reader of later

OI1l.

2.1 Linear Algebra

All of this dissertation concerns questions in theoretical computer science that draw heavily
on linear algebra. Below we introduce some basic notation and definitions that will be used

in later chapters.

Upper and Lower Triangular Matrices. We say a square matrix u is upper triangular
if it has non-zero entries U(4, j) # 0 only for i < j (i.e. above the diagonal). Similarly,
we say a square matrix £ is lower triangular if it has non-zero entries U, j) #0
only for ¢ > j (i.e. below the diagonal). Often, we will work with matrices that
are not upper or lower triangular, but which for we know a permutation matrix P
s.t. PUPT is upper (respectively lower) triangular. For computational purposes, this
is essentially equivalent to having a upper or lower triangular matrix, and we will
refer to such matrices as upper (or lower) triangular. The algorithms we develop for

factorization will always compute the necessary permutation.

Moore-Penrose Pseudo-inverse. We use BT to denote the Moore-Penrose pseudo-inverse

of a matrix B.
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Positive Definite Matrices and Positive Semi-Definite Matrices. We say a square
matrix M € R™*™ is positive definite if for all 2 € R™ where & # 0, we have ' Mz >
0. If for all £ € R” where a # 0, we have ' Mz > 0, then M is positive semi-definite

(PSD).

Loewner Order. We use < to denote a partial order on symmetric matrices, where A < B

if and only B — A is PSD.

Restriction. Given an m X n matrix B, and index sets F' C [m], C C [n], we use (B)r¢ to
denote the |F| x |C| matrix obtained by restricting B to the rows F' and the columns
C. When it does not cause ambiguity, we will sometimes omit the brackets and write

Brc to denote the matrix (B)pe.

Projection Matrix Given matrix B € R™*", let Ilg &f B(BBT)'BT, i.e. the orthogonal

projection onto the image of B.Note that Ilg = Hg and IIg = IT%.

Norms from Quadratic Forms. For any PSD matrix M and any vector v, define the

semi-norm ||v||p, ©f Vo TMo.

Kernel and Cokernel. Given a matrix M, we use ker(M) to denote the kernel of M, i.e.

the subspace of vectors € s.t. Mz = 0. The term cokernel refers to the kernel of MT.

Undirectification (Arithmetic Symmetrization) Given square matrix A, define
- Ua 2ef A_+2Al We refer to U A as the undirectification (or the arithmetic symmetriza-

tion) of A.

Let 1 € R” denote the all ones vector, with dimension n that will always be made clear in
the context of its use. Similarly, we let O denote the all zero vector or matrix, depending on
context.

The following fact is useful, since we often need to apply the pseodo-inverse of a matrix.

Fact 2.1.1 (Pseudo-inverse of a product). Suppose M = ABC is square real matriz, where
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A and C are non-singular. Then
M' = IICIBTATIT,r.

Definition 2.1.2 (PSD Spectral Approximation). Given two PSD matrices A and B and

a scalar € > 0, we say A =, B if and only if
exp(—e)A X B < exp(e)A.

We say A is an e-approximation of B.

Definition 2.1.3 (Asymmetric Spectral Approximation). Consider two square asymmetric
matrices A and B, s.t. A has kernel equal to its co-kernel and the undirectification Up of
A is PSD. Given a scalar € > 0, we say B is an e-asymmetric spectral approrimation of A
if and only if

|2 -B)Uh) 2| <

2.2 Matrix Classes

In this section, we introduce several families of matrices. Each is significant, because we are

able to construct fast linear system solvers for matrices in these classes.

Symmetric Diagonally Dominant (SDD) Matrices. A matrix M € R™*" is said to

be Symmetric Diagonally Dominant (SDD), if it is symmetric and for each row ¢,

M(i,8) >y M5, 5)] - (2.1)

J#i

It can be shown that every SDD matrix is positive semi-definite. .

Undirected Laplacians, a.k.a. Laplacians. We consider a connected undirected multi-
graph G = (V, E), with positive edges weights w: E — R4. Let n = |V| and m = |E|. We

label vertices 1 through n, s.t. V = {1,...,n}. Let x; denote the it? standard basis vector.
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Given an ordered pair of vertices (u,v), we define the pair-vector buwy € R" as by y = Xp—Xu-
~For a multi-edge e, with endpoints u,v (arbitrarily ordered), we define b, = by, .

By assigning an arbitrary direction to each multi-edge of G we define the Laplacian of G
as U=} pw(e)be b, . Note that the Laplacian does not depend on the choice of direction
for each edge. Given a single multi-edge e, we refer to w(e)be b;r as the Laplacian of e.

A weighted multi—grapﬁ G is not uniquely defined by its Laplacian, since the Laplacian
only depeﬁds on the sum of the weights of the multi-edges on each edge. We want to
establish a one-to-one correspondence between a weighted multi-graph G and its Laplacian
U, so from now on, we will consider every Laplacian to be maintained explicitly as a sum
of Laplacians of multi-edges, and we will maintain this multi-edge decomposition as part of

our algorithms.

Fact 2.2.1. If G is connected, then the kernel of the corresponding Laplacian U is the span

of the vector 1.

Directed Laplacians. A matrix L € R™*" is called a directed Laplacian if (1) its off
diagonal entries are non-positive, i.e. L(4,5) < 0 for all i # j, and (2) it satisfies 1TL = 0,

e L(i,1) = =3, L(4,4) for all 4.

Associated Graph. To every directed Laplacian L € R"™ ™ we associate a graph
G1 = (V, E,w) with vertices V = [n], and edges (4,j) of weight w(i,j) = —L(j4,1%), for
all i # j € [n] with L(j,4) # 0. Occasionally we write L = D — AT to denote that we
decompose L into the diagonal matrix D (where D(%,7) = L(3, 1) is the out degree of vertex
i in G1,) and non-negative matrix A (which is weighted adjacency matrix of Gp, with

A(i,7) =w(i,j) if (4,7) € E, and A(%,5) = 0 otherwise).

Eulerian Laplacian. A matrix L is called an FEulerian Laplacian if it is a directed
Laplacian with L1 = 0. Note that L is an Eulerian Laplacian if and only if its associated

graph is Eulerian.

Below we introduce a special notion of well-behaved subsets of vertices of a Directed:
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Laplacian: a-Row and Column Diagonally Dominant sets (abbreviated a-RCDD). By elim-

inating vertices from these sets, we are able to reduce the .

Definition 2.2.2 (a-RCDD). Given a subset F' of the vertices of (the graph of) a Di-
rected Laplacian L, we say a vertex 1 € F is a-RCDD if 3 cp iy [Lij| < 1—_'1_—a|Lm| and
Yjerjzi il < l—ia-|L”~]. The set F' is a-RCDD if every vertez in the set is a-RCDD.

2.3 Solutions to Linear Equations

When approximately solving a linear system of equations Mz = b, say, over the reals, it is
important to pick a useful notion of approximation.
For Laplacian solvers, the approximation error of an approximate solution « to a system

Ux = b is measured by the € s.t.
18 - U by < e[|UTB|y-

In most applications, this is a directly useful notion of approximation. Fortunately, the
log(1/€) running time dependence of on the approximation parameter € also means that
approximations in many other norms can be guaranteed by solving to high accuracy in the
norm stated above and then proving some weak relationship between different notions of
€error.

For Eulerian Laplacians, we use a similar notion of error for the system Lz = b,

—

<cJo

Uy UL

where Uy, = (L+L")/2. For an Eulerian Laplacian L, the matrix Uy, is always an undirected
Laplacian.
2.3.1 Iterative Methods and Preconditioners

In this dissertation, we study algorithms for obtaining approximate, but highly accurate,
solutions to systems of linear equations in a given matrix. A central framework when

developing such algorithms is iterative methods. The convergence rate of most iterative
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methods inherently depends on the condition number of the matrix in which a linear system
is being solved.

A wide range of iterative algorithms exist, from the very simplest, known as method
Iterative Refinement and its close cousin, Richardson Iteration, to Chebyshev Iteration and
Conjugate Gradient Descent, significantly more complex methods that achieve better de-
pendence on the condition number.

While most iterative methods have been designed to solve systems of linear equations
in positive semi-definite matrices, Iterative Refinement can also be shown to converge. for
other matrices, provided the input matrix is close to the identity matrix in a strong sense.

A key tool in iterative methods is preconditioners. Given a linear equation Az = b in a
square matrix A, a preconditioner for A is a matrix that in some sense approximates A, but
is easier to invert. In iterative methods, if we can compute a preconditioner for the matrix,
we usually replace the condition number dependence in the running time of the iterative
method with a dependence on the approximation quality between A and the preconditioner,
at the cost of having to apply the inverse of the preconditioner.

Throughout this dissertation, the only iterative method we will use is Iterative Refine-
ment. To use Iterative Refinement to build fast algorithms for solving linear equations, we
Wﬂl need to construct extremely high quality preconditioners. This approach has the advan-
tage of extending beyond the setting of positive semi-definite and even symmetric matrices,
which will be crucial in Chapter 5, where we construct nearly-linear time solvers for linear
systems in Directed Laplacians, a class of matrices which is neither positive semi-definite

nor symmetric.

2.3.2 Preconditioned Iterative Refinement for Positive Semi-Definite Ma-

trices

We briefly introduce Preconditioned Iterative Refinement [Hig02, Chapter 12] to solve the
system Axz = b, where A € C"*" and b € C". Suppose Z is a preconditioner for A.
Preconditioned Iterative Refinement refers to the procedure which computes the iterates

" below.

z@ =0, 20t = 20 _ ZH(Az®) — p),

22



We use PRECONITERREFINEMENT(U,Z,¢,b) to denote the routine which performs
preconditioned iteration refinement as described above, to compute and return z®, with

t=310g%.

Theorem 2.3.1. Consider a positive semi-definite matriz A € C™" and a vector
b € R". Suppose Z is a linear operator s.t. Z =y, A. Then for all 0 <
¢ < 1/2, PRECONITERREFINEMENT(A,Z, ¢, b) returns x©), where t = [3logl],

]2 — Alo]|, < <Al

2.3.3 Schur Complements

Gaussian Elimination is a classical algorithm for solving systems of linear equations. It
is closely related to the notion of Schur Complements, which we introduce in this section.
Suppose M € C"*" is a square matrix and F,C C [n] is a partition of [n] into two sets.
W.lo.g. taking F to be the first |F'| indices of [n], we can write

Mrr Mpc

M —
Mg r Mg

When Mpr F is invertible, we define the Schur complement of M onto C' as
def —
ScM]s = Mg,c — Me r(Mpr) 'Mpg.

The Schur complement is related to inverses and the LDU decompositions of a matrix. One

way to see this is through the blockwise LDU decomposition of a matrix

M I 0 MrFr 0 I M;'}FMF,C

Mo rMpy 1 0 ScM];/ \o I
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This also implies that when M is invertible,

-1 -1
0 I 0 ScMlg') \-McerMpy I

Mg + MpeMpecScM]g' Mo rMpy  —MpiEMpcScMIg!

—ScM]g' Me,rMg ScM]g!

This in turn implies immediately that
(Mg =ScM]g".
Suppose that Ca € Cy C [n]. Then

ScM]¢,

2

=8¢ [SC[M]CJ Cy*

This follows from noting that (M™1)c, ¢, = (M 1)¢y.01)c,,c, and then inverting both
matrices.

This in turn tells us that we can compute Schur Complements in stepwise manner,
first Schur complementing onto n — 1 variables (eliminating only one variable), then Schur
complementing onto n — 2 of the remaining variables etc.

The blockwise LDU decomposition can also be written as a sum of the zero-padded Schur

complement and a term that agrees with M on all except the M¢ ¢ block.

Mp, MFpc 0 0
M — 7F y +
Mc r MC,FM;'}FMF,C 0 Sc [M]C

Fact 2.3.2 (Schur Complements and Pseudo-Inverses). Suppose U is an undirected Lapla-
cian. Let S = Sc[U]},. Then g(U')¢ oIls = Sc[UJL.

We prove this fact in Appendix Section A.1.

Claim 2.3.3. Consider n x n Laplacians A,B = 0, s.t. for some 0 < ¢ < 1 we have
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A =, B. Let F C [n]. Then
Sc[A] = SC[B]z.

Proof. This follows from Fact 2.3.2, and the fact that restriction and inversion preserve

spectral approximation. . O

2.3.4 Gaussian Elimination, Cholesky Factorization, and LU-

decomposition

An LU-decomposition of a square matrix M € R™*" is a factorization M = LU, where L
is a lower-triangular matrix and U is an upper-triangular matrix, both up to a permutation
(see Section 5).

When M is non-singular, linear equations Ly = b and Uz = y and be solved by
forward and backward substitution algorithms respectively (e.g. see [TBI97]), which run in
time O(nnz(£)) and O(nnz(Uf)). Le. £~ and U™! can be applied in time proportional
to the number of non-zeros in £ and U respectively. This means that if a decomposition
L,U of M is known, then linear systems in M be solved in time O(nnz(L) +nnz(Y)), since
Mz = b implies & = UL,

When M is singular the same forward and backward substitution algorithms can be used
to compute the pseudo-inverse, in some situations. We focus on a special case where we can
instead factor M as M = £ DU’, where D is singular and £’, U’ are non-singular.

For the two cases of interest to us, Undirected Laplacians and Eulerian Laplacians of
connected graphs, this slightly modified factorization can be trivially obtained from an LU-
decomposition, by £’ equal to £ except £(n,n) =1 and U’ equal to U except U(n,n) =1
and taking D to be the identity Iﬁatrix, except D(n,n) = 0.

Now, by Fact 2.1.1,

M’ = Iy £ DU Ty,

For connected Undirected and strongly connected Eulerian Laplacians, the kernel and
co-kernel are always the span of the 1 vector, so we can apply IIp and Iy T efficiently.
Gaussian Elimination is an algorithm that can be used to compute an LU-decomposition

of some matrices. Gaussian Elimination proceeds by writing M as the sum of a rank 1 term
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that agrees with M on the first row and column and a (zero-padded) Schur complement:
As a convenient notational convention, we define S( Lef M, the “Oth” Schur complement.

We then ‘deﬁne

I, = (S(i—l)(i, i)1/2)—1s(i—1)(:’ Z)
uf = (847V (1)) 718671, )

SO =861 _ 0] (2.2)

[R)

unless S0 (i, 4) = 0, in which case we define S = §G=1_if SG-1(: {) = 0 and SV (4,

) = 0. We do not define the Schur complement when the diagonal is zero but off-diagonals

E:(ll lg --- ln>
uTz(ul uy - un)

we get an LU-decomposition M = LU.

are not. By setting

and

It can be shown that Gaussian Elimination as described above always produces an LU-
decomposition when applied an Undirected Laplacian or Eulerian Laplacian. For some other
classes of matrices, it does not always succeed (e.g. if the first column has a zero diagonal
but other non-zero entries).

When M is & positive semi-definite matrix, it can be decomposed as M = LLT, ie. an
LU decomposition where the upper triangular matrix is the transpose of the lower triangular
matrix. This special case is known as a Cholesky factorization. When the Gaussian Elimi-
nation algorithm described above is applied to a Laplacian matrix it computes the Cholesky

factorization.

Definition 2.3.4 (Partial LU-decomposition and Partial Cholesky Factorization). If Gaus-

sian Elimination is terminated after k steps (see Equation (2.2)), we get a decomposition

L:(ll ly --- lk)
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and

UT = (ul u2 “ e uk)

s.t. M = S®) 4+ U, where S™) is zero except on indices in C' x C where C = {k +1,...,n}

and (S®)o o = Sc[M],. Letting F = [n]\ C, this decomposition can also be written as

LC,F 0 I 0 1 quc

Lor 1) \0 (S®)cc) \0 Uce

We refer to L,U,S as a partial LU-decomposition to set C, and when M is pésitive

semi-definite, so L =U", we refer to £,S as a partial Cholesky factorization to set C.

Definition 2.3.5 (Approximate Cholesky Factorization and Partial Cholesky Factoriza-
“tion). We refer to £ as an e-approximate Cholesky factorization of a matriz M if L is a

Cholesky factorization of a matriz M s.t. M ~e M.
We refer to L£,S as an e-approximate partial Cholesky factorization to a set C of a

matriz M if £,S is a partial Cholesky factorization to a set C' of a matriz M s.t. M ~. M.

2.3.5 Schur Complements and Closure

Some classes of matrices have the property that if M is a matrix in the class, then for any
subset C' of the indices of M, the Schur complement SC[M] is also in that class.

This observation, combined with the fact that some classes of matrices can be well-
approximated with sparse matrices of the same class, is at the core of all the fast algorithms
for solving systems of linear equations that we develop in this dissertation.

Positive definite and positive semi-definite matrices both have the property of being
closed under Schur complement, i.e. the Schur complement of a positive definite matrix is
a pésitive definite matrix and the Schur complement of a positive semi-definite matrix is
positive semi-definite.

Below, we state the closure property for the matrix classes that we use in this dissertation.

Fact 2.3.6. For each of the following classes, it holds that if M is a matriz of this class

with index set [n], then for all C C [n], Sc[U]; is a matriz of the same class.
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Positive Definite Matrices.

Positive Semi-Definite Matrices.

Undirected Laplacians.

Eulerian Laplacians.

2.3.6 The Clique Structure of Schur Complements

In the previous section, we introduced Schur complement closure properties for several classes
of matrices. In this section, we show how to prove the closure property for Schur comple-
ments of Laplacians, while also observing that the Schur complement of a Laplacian onto
n—1 indices has additional structure that will help us develop algorithms for approximating
these Schur complements.

Similar structure can be found in the Schur complements of Eulerian Laplacians, but we
defer the proof of this to Chapter 5.

Given a Laplacian U, let ST[U], € R®*" denote the Laplacian corresponding to the

edges incident on vertex v (the star on v), i.e.

STIU], ¥ Y w(e)bed, . (2.3)

ecE:edv

—a'

d
For example, we denote the first column of U by , then ST[U]; =
—a ‘ —a diag(a)

We can write the Schur complement S = Sc[U],;\ 13-

1

S=U-— ST[‘U-]Ul + ST[U],U1 — m

U(:,Ul)U('Ul, )

It is immediate that U — StT[U], s a Laplacian matrix, since U - St[U], =

Y ecEesn w(e)beb, . A more surprising (but well-known) fact is that

oLul,, ¥ seul, — mU(;, 1)U (w1, ) (2.4)
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is also a Laplacian, and its edges form a clique on the neighbors of v;. It suffices to show it

for v; = 1. We write ¢ ~ j to denote (4,j) € E. Then

1 0 0" w(l,9)w(l, 7)
U, 1)U = = —2= b by
U(1,1) 0 diag(a) — %T— WZIJZ\; d (49

Thus S is a Laplacian since it is a sum of two Laplacians. By induction, for all C C [n],

Sc[U] is a Laplacian.

2.4 Spanning Trees of Graphs

We assume we are given a weighted undirected graph G = (V, E, w), with the vertices

labeled V' = {1,2,...,n}. Let U be the associated Laplacian.

Definition 2.4.1 (Induced Graph). Given a graph G = (V, E) and a set of vertices V1 C 'V,

we use the notation G(V1) to mean the induced graph on Vi.

Definition 2.4.2. Given a set of edges E on vertices V, and V1, Ve C V', we use the notation

E N (V1,Va) to mean the set of all edges in E with one end point in Vi and the other in V5.

Definition 2.4.3 (Contraction and Deletion). Given a graph G = (V, E) and a set of edges
E) C E, we use the notation G\ E1 to denote the graph obtained by deleting the edges in Ey
from G and G/E; to denote the graph obtained by contracting the edges in Ey within G and

deleting all the self loops.

2.4.1 Spanning Trees
Let 7¢ denote the set of all spanning subtrees of G. We now define a probability distribution
on these trees.

Definition 2.4.4 (w-uniform distribution on trees). Let Dg be the probability distribution
on Tg such that

Pr(X =T7) x Heerwe.

We refer to Dg as the w-uniform distribution on Tg. When the graph G is unweighted, this

corresponds to the uniform distribution on Tq.
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Definition 2.4.5 (Effective Resistance). The effective resistance of a pair of vertices u,v €
Vo is defined as
Reff(u,v) = bg’vLTbu,v.

where by, is an all zero vector corresponding to Vi, except for entries of 1 and —1 at u and

v

Definition 2.4.6 (Leverage Score). The statistical leverage score, which we will abbreviate

to leverage score, of an edge e = (u,v) € Eg s defined as
le = 'weReff(u,v).

Fact 2.4.7 (Spanning Tree Marginals). The probability Pr(e) that an edge e € Eg appears

in a tree sampled w-uniformly randomly from Tg is given by
Pr(e) = L,
where l, is the leverage score of the edge e.

2.4.2 Schur Complements and Spanning Trees

When the matrix M = U is a Laplacian of a graph G = (V,E) and Vi C V is a set
of vertices, we abuse the notation and use both Sc[U]y. or Sc[G]y, to denote the Schur
complement of U onto the submatrix of U corresponding to Vi; i.e., onto the submatrix of
U consisting of all entries whose coordinates (i, 7) satisfy 4,j € V5.

Recall that by Fact 2.3.6, the Schur complement of a Laplacian is a Laplacian. This
means that the Schur complement in a graph G = (V, E) onto a set of vertices V7 can be
viewed as a graph on V1. Furthermore, we can view this as a multigraph obtained by adding
(potentially parallel) edges to G(V;), the induced graph on V;. We take this view when
working with spanning trees: whenever we talk about Schur complements, we separate out
the edges of the original graph from the ones created during Schur complement operation.

We now provide some basic facts about how Schur complements relate to spanning

trees. This first lemma says that edge deletions and contractions commute with taking
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Schur complements.

Fact 2.4.8. (Lemma 4.1 of [CDN89]) Given G with any vertex partition Vi, Vs, for any
edge ec EN(V,W).

Sc[G \ e]y; = Sc[Gly, \ e and Sc[G/ely, = SC[G]Vl/e

Fact 2.4.9. Given G with any vertex partition Vi,Va, for any edge e € E N (V1,V1), the

leverage score of e in G is same as that in SC[G]y, .

Proof. This follows immediately from Definition 2.4.6 and Fact 2.3.2.
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Chapter 3

Approximate Gaussian Elimination

Algorithm 1 gives the pseudo-code for our algorithm MASTERCHOLAPX our algorithm for
computing approximate Cholesky factorizations using approximate Gaussian Eliminatiomn.
In Section 3.1, we state the MASTERCHOLAPX algorithm and prove its correctness. This
algorithm is has a large number of input parameters, and can be used to compute both
complete and partial approximate Cholesky factorizations, of high or low approximation

quality. We later show how choosing these parameters appropriately can give algorithms for

e solving Laplacian linear systems (see proofs Theorem 1.2.1 and Corollary 1.2.2 in

Section 3.2),

e solving Laplacian linear systems faster in dense graphs (see proof of Theorem 3.3.1 in

Section 3.3),

e and for approximating Laplacian Schur complements (proof of Theorem 1.2.5 in Sec-

tion 3.4).

Normalized Matrices and c-Boundedness

We will very frequently need to refer to matrices that are normalized by some positive
semi-definite matrix U. We adopt the following notation: Given a symmetric matrix S s.t.
ker(U) C ker(S),

g def (UH2g(uhi/2,
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We will only use this notation for matrices S that satisfy the condition ker(U) C ker(S).

Note that U =ITy and A < B iff A < B.

Definition 3.0.1. We say a multi-edge e is c-bounded if

“w(e)beb;r <ec.

Given a Laplacian S that corresponds to a multi-graph Gg, and a scalar p > 0, we say
that S is c-bounded if every multi-edge of S is c-bounded. Since every multi-edge of U
is trivially 1-bounded, we can obtain a c-bounded Laplacian that corresponds to the same
matrix, by splitting each multi-edge into & = [%-I identical copies, with a fraction 1/k of

the initial weight. The resulting Laplacian has at most km multi-edges.

3.1 The Master Cholesky Approximation Algorithm

Algorithm 1: MASTERCHOLAPX(U, k, ¢, 4, ¢)

1 Split edges into k = l—clogQ(l / 5)6_2-| copies with 1/k fraction of the original weight
each.

Define the set of vertices Fp = {1,...,k}

fori=1 to k do

Pick some index 7 (i) from F;_; as the i" vertex

Fy=F_1\{r(i)}

1
6 | ¢ « { (BVa()xw))"
0 otherwise

5L R

SG=D(r(s),:) if 8¢V (n(3),7(i)) # 0

7 | C; « CLIQUESAMPLE(S(—D, 7 (4))

o | 89 csev_sifse] Ld

9 S+ S®
10 L + (Cl cy ... ck)
11 return (LZ,S)

Theorem 3.1.1. Suppose G = (V, E) is a connected undirected multi-graph with positive
edge weights w : E — R4, and associated Laplacian U, and that G has m c-bounded multi-
edges. Given scalars 6 < 1/n'% 0 < € < 1/2, the algorithm MASTERCHOLAPX(U, k, €, 6, c)

returns an an approximate partial Cholesky decomposition 2,@ onto the set {k+1,...,n}
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s.t. with probability at least 1 — O(9),

~ ~~T

S+LL =T, (3.1)

and S is always a Laplacian supported on {k +1,...,n}. Depending on what rule is used in

Line 4 of the algorithm, the following are true:

(i) If each vertex is picked uniformly at random from the ‘remaz'm'ng vertexr set F;_1, then
forallt > 1, the mazimum number of non-zero entries in L and S and the total rUnNing

time are each bounded by O(tmlogn [clog2(1/6)6_2]) with probability 1 — 1/nt.

(ii) If each vertex is picked uniformly at random from the vertices in F;_1 with at most
twice the average degree of those in this set then the mazimum number of non-zero

entries in £ and S and the total running time are each bounded by

O(mlog(n/(n—k)) [clogz(l/é)e'z]).

Algorithm 2: ), Y; = CLIQUESAMPLE(S, v) : Returns several i.i.d samples of edges
from the clique generated after eliminating vertex v from the multi-graph represented
by S

1 for i < 1 to degg(v) do

2 Sample e; from list of multi-edges incident on v with probability w(e)/ws(v)

3 | Sample ey uniformly from list of multi-edges incident on v

4 if ey has endpoints v,u; and ez has endpoints v,us and uy # uy then

5

6

7

| Y S bu b

else

return ), Y;

o -

The following lemma captures some important facts about, Algorithm 2, the
CLIQUESAMPLE routine, which is used inside MASTERCHOLAPX. We prove this lemma
in Section 3.1.1.

‘Lemma 3.1.2. Given a Laplacian matriz S that is 1/p-bounded w.r.t. U and a verter
v, CLIQUESAMPLE(S, v) returns a sum y_, Y. of degg(v) IID samples Y, € R™*™. The

following conditions hold
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1. Y, i5s 0 or the Laplacian of a multi-edge witﬁ endpoints w1, ug, where ui, us are neighbors
ofvinS.

2. EY., Y. =CL[S],.

3. H?eH <1/p, i.e. Y is 1/p-bounded w.r.t. U.

The algorithm runs in time O(degg(v)).

Now, let us state the Freedman Inequality from [Trollal. Let (2, #, Pr) be a probability
space, and let %y C % C F C ... C Z be a filtration of the master sigma algebra.
A zero-mean matrix martingale'is a sequence {Y;:j=0,1,2,...} that is a symmetric-
matrix-valued 'random process which is adapted to the filtration and satisfies the following
properties: E ||Y;|| < oo for all j, and Yo <0, and E[Y;11|%;] = Y;. For a more compact

notation, we write E<; Z % E[Z|.%,_,].

Theorem 3.1.3. Consider a zero-mean matriz martingale whose values are symmetric ma-
trices {Y; :j=0,1,2,...} with dimension d, and let {X;:j=1,2,...} be the difference

sequence X; = Y; — Y;_1. Assume the difference sequence is bounded in the sense that
Amax(X;) < R almost surely for j =1,2,3,....

Define the predictable quadratic variation process of the martingale:

J
Wj Z,Z]E [Xﬂj‘l_l] forj=1,2,3,....
i=1

Then, for all t > 0 and o2 > 0,

| t2/2
Pr[3j > 0 : Amax(Y;) >t and Amax(W;) < 0] < dexp <_ o2 +/Rt/3> ‘

Proof of Theorem 3.1.1. We will set up a martingale and apply Theorem 3.1.3. In order to
apply Theorem 3.1.3, we need a total ordering on the random variables, and a sequence of
filtrations. Consider the ith elimination, and the eth edge sample of this round of elimina-
tion: This gives a pair (i, e), and we overload the < and < to compare pair of variables in the

lexicographical sense. We use Z ;) to denote the filtration corresponding to conditioning
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on all the random choices of the algorithm up until and including the sampling of edge, and
when (i, e) contains the last edge sample e of elimination 4, the filtration #, .y also includes
conditioning on the vertex choice for round i + 1. This ensures that conditioning on some
Z(i,e) Will determine the vertex at which the next edge is sampled.’

We define the j*® approximate partial Cholesky decomposition

J
UW) =80 4 Z cic; . (3.2)
i=1
Thus our final output equals U™,

Observe that

Ul —Ul-D = ¢;¢] +80) - §6-D

T, GG-1
= ¢j¢; + Cj — ST [S(] ):| )

=¢,-aufsuy]

Each call to CLIQUESAMPLE returns a sum of sample edges. Letting Yf(;j ) denote the et

)

sample in the j*0 call to CLIQUESAMPLE, we can write this sum as e Yéj . We can apply

Lemma 3.1.2 to find that the expected value of éj is 3 Ec(je) Yéj) = CL[g(j_l)] )
m(j
Hence the expected value of UY) is exactly UU~1D, and we can write

Uy —yl-1 = YW _ E YO,
ze: © <Ge

By defining ng) def ng) —E (e ng), this becomes U — UU-1) = Do ng). So, without

conditioning on the choices of the CHOLAPX algorithm, we can write
J
Ul — gy = Z ngi)'
e

=1

For the sequence of j, this is a zero-mean martingale.

Ultimately, our goal is to show that
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—eU=<UM_U=<eU (3.3)

with high probability. It turns out to be easier to consider a related martingale, which

includes a simple stopping condition. We define

X iy, 2P < dar

Z) = (3.4)

0 0.W.

We then consider the zero-mean martingale
T \ — 7
(i) f
(1:N)<(e)

Now, if
—ell X T;e) X ell

then Equation (3.3) is satisfied. Next we apply Theorem 3.1.3 to prove concentration of
Tie)-

()
Let W(’i,e) = Z(j,f)ﬁ(l,e) E<(J,f) (ij )2 Then

Pr[U(n) =< (1+¢)U] < Pr[3(i,e€) : Amax(T(i,e)) 2 é]
< Pr[3(i,€) : Amax(T(ie)) = € and Amax(W; ) < 07

+ Pr[3(4, €) : Amax(Wie)) > o?)

We start by bounding the first probability among these two terms. Initially, note that either
ZW =00 Z% =YY ~EYY, 50

] < -5
< ma.x{“?g) , HIE?S-) } (since both terms are PSD)
<1/p, (3.5)
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by the 1/p-boundedness guarantee of Lemma 3.1.2. Thus, a valid norm bound for the

application of Theorem 3.1.3is R < 1/p = ——%2— Finally, we choose o? = log(1/9) By
31og2(1/3) P

Theorem 3.1.3, this gives

2/2
Pr[3(4,€) : Amax(T(ie)) 2 € and Amax(Wse)) < %] < nexp ( L/——-—)

- "~ 02+ Re/3
2
pe*/2
< _
= ( log(1/3) + e3/3)
<64.

Secondly, we bound the term Pr[3(, €) : Amax(W(;e)) > 0?]. We define a notation of
W) at the last edge sample W; & W(iyelastj . Note that W; oy = Wy .y, whenever
(i,€) < (¢,€’). Thus Pr[3(i, €) : Amax(W(ie)) > 02] = Pr[3i : Amax(W;) > o2

We now construct a zero mean martingale which we will use to bound this probability,
by another application of Theorem 3.1.3. In this application, we need a different sequence of
filtrations than before. We define %; to denote the filtration corresponding to conditioning
on all the random choices of the algorithm in round %, but not including the random choice
of vertex for round i+ 1.

We define W =0. Let V; & W, - W,_; —E; [W; - W;_1] = W, — E; [W,]. V; is

zero-mean conditional on %;_1, and so R; = Z;zl V; is a zero-mean martingale.
i
Ri=> W;-W,_;— E[W;-W;-i]
j=1 ?
i
=W, — E[W,;—-W,_
( ]}; < (W i1l

Let M; =Y ..,E.; V2 In the terminology of Theorem 3.1.3, W(;.) is the predictable

J<i J

quadratic variation process of T(;e)- Rils azero-mean martingale corresponding to W,, V;
is the associated difference sequence, and M; is the predictable quadratic variation process
of R;.

Having established the necessary notation, we state a few key facts about these random

matrices in Claim 3.1.4 below. We will prove Claim 3.1.4 later, but first we will see how to
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use the claim to complete the proof of Theorem 3.1.1.

Claim 3.1.4.
LOXW; =W, < 2IL
2. Ej Eq; [Wj — W;4] =2 5%11
3. M; = g—ggﬂn )

Let w? = p%ln n. Then by Claim 3.1.4, Part 3, we have ‘Pr[E!i : Amax (M) > w?] = 0.

Now, using Claim 3.1.4, Part 2, we get

i
Pr[ai : Amax(W;) > 0’2] =Pr [Hi D Amax | Ri + E I<E [Wj — Wj—l] > 02:|
- J
J=1

<Pr [m’ : Amax (Ri) > 02 — 61“"]

6lnn

=Pr [Ei : Amax(Ry) > 02 — and Amax(M;) < w{l .

We now want to apply Theorem 3.1.3, to bound the probability above, with R; as the
zero-mean martingale, V; is the associated difference sequence, and M; as the predictable
quadratic variation process. By Claim 3.1.4, Part 1, we have

Vil = sz - W, - E[W; - W,;_4]

<i

E[W,; - W,;_4]

< max{nm ~wil, e
<1

} (since both terms are PSD)

<1/p,

which gives us a value for the norm control parameter R. Thus by Theorem 3.1.3, and using

log(1/6) > 100logn, we get

Pr |3 : Anax(Ri) > o %lnn and Amax(M;) < wg] <nexp | —

<é.
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An essentially identical proof can be used to control Pr[3(i,e) : Amax(—T(;e)) > €], since
all norm calculations remain the same and —T; .y and T(; .y have the same predictable

quadratic variation process. All together this completes the proof of the claim that
SO+ LT~ U. (3.6)

holds with probability at least probability at least 1 — 44.
Finally, we need to bound the expected running time of the algorithm. We start by

observing that the algorithm maintains the two following invariants:
1. Every multi-edge in SU~1 is 1/p-bounded.
2. The total number of multi-edges is at most pm.

We establish the first invariant inductively. The invariant holds for S because of the
splitting of original edges into p copies with weight 1/p. The invariant thus also holds for
SO — gt [’S\(O)L(l), since the multi-edges of this Laplacian are a subset of the previous
ones. By Lemma 3.1.2, every multi-edge Y, output by CLIQUESAMPLE is 1/p-bounded, so
S =8O _ gt [/S\(O)L(l) + C is 1/p-bounded. If we apply this argument repeatedly for
j=1,...,n—1 we get invariant (1).

Invariant (2) is also very simple to establish: It holds for S because splitting of original
edges into p copies does not produce more than pm multi-edges in total. When computing

S, we subtract ST|SU-Y| | which removes exactly degz ;-1 (7(5)) multi-edges, while
SG-1)

(i
we add the multi-edges produ(iid by the call to CLIQUESAMPLE(SU=1), x(5)), which is at
most degg(;—1)(7(j))- So the number of multi-edges is not increasing.

Finally, the statement of Theorem 3.1.1 considers two variants of Algorithm 1, depending
on the rule used for picking a random vertex in Line 4 of thé algorithm. First we prove the
statement for Rule (i), where a vertex is chosen uniformly at random. By Lemma 3.1.2, the
running time for the call to CLIQUESAMPLE is O(degg;)(7(j))). Given the invariants, we
get that the expected time for the 5% call to CLIQUESAMPLE is O(Eqr(;) degg)(m(9))) =
O(pm/(k + 1 — j)). Thus the expected running time of all calls to CLIQUESAMPLE is
O(mp Z_?:l H—}_-J-) = O(me~2log?(1/d) logn). This also bounds the expected running time

of the whole algorithm. The total number of entries in the Z,§ matrices must also be
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bounded by O(me~2log?(1/8)logn) in expectation. Finally, we can also show that the
running time and number of non-zero entries in the output of the algorithm is concentrated.
The conditional on previous rounds, the running time in round j of elimination is a positive
random variable that is at most 2pm, and in expectation 2pm - 76_‘_%—_] By subtracting the
average in each round, we can get a scalar martingale. Using a standard application of the
scalar Freedman Inequality [Fre75] (see also [Trolla| for a convenient version), one can show
that the running time is upper bounded by O(cpmlogn) with probability 1 — 1/n¢ for all
¢ > 1. This completes the analysis for the Rule (i) case.

We now consider the Rule (ii) case, where for each elimination a vertex is chosen uni-
formly at random among the remaining vertices of F;_; with at most twice the average
degree among vertices in F;_;. It is simple to construct a data structure for picking such
a vertex: We maintain an array of degrees of remaining vertices, as well as their sum. We
then pick a random vertex from this array, repeating until we get a vertex with at most
twice the average degree. Degrees in the array caﬁ be updated efficiently as edges are added
or removed. To handle vertex deletions from this array, we can mark vertices as deleted
when we eliminate them, and resize the array each time half the vertices have been marked
as deleted. With probability > 1 — 4, the time spent on vertex sampling using this data
structure is dominated by other terms in the running time.

By Lemma 3.1.2, the running time for the call to CLIQUESAMPLE is O(degg; (7(7)))-
Given the invariants, we get that the time for the j** call to CLIQUESAMPLE is
O(Er(j) degg (m(4))) = O(pm/(k + 1 — j)). Thus the running time of all calls to
CLIQUESAMPLE is O(mp Z;?:l ,—c—_l_}—_J) = O(me21og?(1/8)logn). This also bounds the
running time of the whole algorithm. The total number of entriés in the 2, S matrices must

also be bounded by O(me=2log?(1/6) logn). O

3.1.1 Clique Sampling Proofs

In this section, we prove Lemmas 3.1.2 and 3.1.4 that characterize the behavior of our
algorithm CLIQUESAMPLE, which is used in CHOLAPX to approximate the clique generated
by eliminating a variable.

A important element of the CLIQUESAMPLE algorithm is our very simple approach to
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leverage score estimation. Using the well-known result that effective resistance in Laplacians
is a distance (see Lemma 3.1.6), we give a bound on the leverage scores of all edges in a
clique that arises from elimination. Given a undirected Laplacian S, we let ws(v) the sum

of the weights of the edges incident on vertex v, i.e.

Then by Equation (2.3.6)

1 w(e)w(e’)
CLiSh, =3 2 Tusty) Pt (37
ecE(S) e'cE(S)
e has e’ has
endpoints endpoints
v,u v,2£U

Note that the factor % accounts for the fact that every pair is double counted.

Lemma 3.1.5. Suppose multi-edges e, e’ > v are 1/p-bounded w.r.t. U, and have endpoints

v,u and v, z respectively, and z # u, then w(e)w(e') bu,zblz 18 w—(e)?"—(e/)—bouﬁded.
To prove Lemma 3.1.5, we need the following result about Laplacians:

Lemma 3.1.6. Given a connected weighted multi-graph G = (V, E, w) with associated Lapla-

cian matriz L in G, consider three distinct vertices u,v,z € V, and the pair-vectors by,

This is known as phenomenon that Effective Resistance is a distance [KR93].

by, and by, ;.

T
bu:zbu,z

<|

T
bwvbum

+ ‘ by,:b, .

Proof of Lemma 3.1.5. Using the previous lemma:

w(e)w(e) bu,zblz

< w(e)w(e) (

-
buwbum

+|

-
bwzbmz

1 /
) < - (w(e) + w(e)).

a

To prove Lemma 3.1.2, we need the following result of Walker [Wal77] (see Bringmann

and Panagiotou [BP12] for a modern statement of the result).
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Lemma 3.1.7. Given a wvector p € R% of non-negative values, the procedure
UNSORTEDPROPORTIONALSAMPLING requires O(d) preprocessing time and after this allows

for IID sampling for a random variable x distributed s.t.

Prz =] = p(i)/ |Ipl; -

The time required for each sample is O(1).

Remark 3.1.8. We note that there are simpler sampling constructions than that of
Lemma 3.1.7 that need O(logn) time per sample, and using such a method would only

worsen our running time by a factor O(logn).

Proof of Lemma 3.1 2 From Lines (5) and (7), Y; is O or the Laplacian of a multi-edge
with endpoints u;, us. To upper bound the running time, it is important to note that we do
not need access to the entire matrix S. We only need the multi-edges incident on v. When
calling CLIQUESAMPLE, we only pass a copy of just these multi-edges.

We observe that the uniform samples in Line (3) can be done in O(1) time each, provided
we count the number of multi-edges incident on v to find degg(v). We can compute degg(v)
in O(degg(v)) time. Using Lemma 3.1.7, if we do O(degg(v)) time preprocessing, we can
compute each sample in Line (2) in time O(1). Since we do O(degg(v)) samples, the total
time for sampling is hence O(degg(v)).

Now we determine the expected value of the sum of the samples. Note that in the sum

below, each pair of multi-edges appears twice, with different weights.

' deee(n wle) 1 w(ew(e) T _
Ezi:Yz degg(v) ee%_(:s) eleg(s) ws(v) degs(v) w(e)+w(e’) bu,zbu,z CL[S]’U'

e has e’ has
endpoints endpoints
v,U v,2£U

By Lemma 3.1.5,

N~ w(e)w(e’) |7——7
Yl < — " ||by b <1/p.
[¥ill < XS wle) + (e N0 us| S 1P
e,e’ has
endpoints

v,u and v,z#£u
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Proof of Claim 8.1.4. We first establish Part 1.

W, -W,_; = E (Z0)?
. <(i,e)

We consider two cases, the first case is when the condition

33 zP < (3.8)

<t f

holds. In this case, by (3.4), we have

Wi-Wi, =5 E XP)2xo0.

" <(i,e)

and, using the norm bound “?S) < 1/p established Equation (3.5) in the proof of Theo-

rem 3.1.1, we get

2
~=(1)y2 (12 (%) ()2
E (X)) = E (Y.)))" — Y, = E (Y,
> B X=X B () (=, %) )

(i) <(4€) — <(i0)
<3 E ¥ Y.< ch[ga—n] <1lsr [sin] . (39)
—~ <(ie) p @) T p (i
Equation (3.8) implies, using € < 1/2,
i—1 3
(i-1) — gy X0 < (1+6)U =< 2U. 1
U PHREEISDEES (310
This in turn gives
0<W;—-W,_; < -];ST [/S\(Z‘l)] = lU(’) = i]._I
P @) T p 2p

When the condition in Equation (3.8) does not hold, by (3.4), W; —W;_; = 0. All together,
this completes the proof of Part 1.

We now turn to Part 2. First we consider the case when the condition in Equation (3.8)
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holds. Note that E<; ST [§(i_1)] " = n_‘%_lg(i‘l), since we choose from ==L vertices and
) e

every edge is included for at most 2 of those choices.

Combining this with Equations (3.9) and (3.10) gives

6 6lnn
OjZE[Wi—Wi_l]jHZp( < II.
1 (3

n—i—1) 7~ p

This establishes Part 2. Finally, we show Part 3.

2
= 2 = , N W w2
M; = Z EV]= ZLEJ (W] - W1 - E[W; WJ_I]) =< Z E(W; - W;-1)
J<i J<i J<i
9lnn

et

<> E (W; = W,_1) [W; — W4 =
j<i

3.2 Solving Laplacian Linear Systems using Approximate
Gaussian Elimination

We use CHOLAPX(U,§) & MASTERCHOLAPX (U, k < n,€ < 1/2,6,c < 1) to denote the

algorithm we get from calling MASTERCHOLAPX with k = n, e = 1/2, and ¢ = 1, and using

Rule (ii) for eliminations. As an immediate corollary of Theorem 3.1.1 with these parameter

settings, we get the following.

Theorem 1.2.1 (Approximate Cholesky Factorization for Laplacians). Suppose U € R™*"
is a Laplacian matriz with m non-zero entries. Given a scalar § < 1/n% the algorithm
CHOLAPX(U,§) returns an approzimate Cholesky factorization L£ s.t. with probability at

least 1 — O(9),
LLT ~yy U.

The mazimum number of non-zero entries in L and the total running time are both bounded

by O(mlog®(1/6)logn).

The sparse approximate Cholesky factorization for U given by Theorem 1.2.1 immedi-
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ately implies fast solvers for Laplacian systems.

We use CHOLAPXSOLVER(U, ¢, §, b) to denote a routine which first calls CHOLAPX(U, §)
to compute an approximate Cholesky factorization and then uses it in the preconditioned
iterative refinement, as described in Theorem 2.3.1 (Section 2.3.2) to compute and return

an approximate solution z® of the linear system Uz = b.

Corollary 1.2.2 (Laplacian Linear Equation Solver). Suppose G = (V,E) is a con-
nected undirected multi-graph with positive edge weights w : E — R4, and associated
Laplacian U, and that G has m multi-edges. Given a scalar § < 1/n'%, the algorithm

CHOLAPXSOLVER(U, ¢, 6, b) returns & s.t. with probability at least 1 — O(4),
&= 0%y < ¢ [0 o

The running time is bounded by O(mlog®(1/5)log nlog(1/€)).

3.3 Going Faster with Sparsification

The running time and sparsity of the CHOLAPX algorithm for solving Laplacian linear
systems can be improved by combining it with a sparsification routine.

We will build our sparsification routine using CHOLAPX and the uniform sampling tech-
nique of [CLM™*15]. One consequence of their result is that one can compute fairly good
upper bounds for the leverage scores of Laplacian edges by computing leverage scores with
w.r.t. a crudely subsampled version of the matrix. The leverage scores w.r.t. the crudely
subsampled matrix can in turn be computed using the Johnson-Lindenstrauss approach
of [SS11b).

Specialized to Laplacians and combined with the leverage score estimation proce-
dure of Spielman and Srivastava, the uniform sampling approach gives the algorithm

SUBSAMPLINGGRAPHSPARSIFY, whose guarantees are described in the following theorem.

Theorem 3.3.1. Let LAPSOLVER be a Laplacian linear system solver s.t.
LAPSOLVER(U, b,€,8) returns T s.t. with probability 1 — O(8), ||z —U*b||, < e||UTD|y

in time T(m, €, 9).
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Given scalars 0 < 6§ < 1/n, 0 < e < 1/2, and K > 1, let p = e 2log(1/4). The.algom'thm
SUBSAMPLINGGRAPHSPARSIFY(LAPSOLVER, U, ¢, 6, K) returns U with O(Kpn) edges s.t.

J

with probability 1 — O(4),

U=, U

and every multi-edge in U is %-bounded w.rt U.

The algorithm runs in time O(pKn + mlogn + T(m/K,1/2)logn).

The theorem above is proven in [CLM*15], except they do not note that the output
edges are 1/p-bounded, however, this is immediate from the concentration results, provided

one uses Spielman-Srivastava style replacement sampling [SS11c].
Algorithm 3: SPARSERCHOLAPX(U, §)

1 Ki + log?n

2 U« SUBSAMPLINGGRAPHSPARSIFY(CHOLAPXSOLVER, U, 1/8, J, K1)

3 K+ log!®n

4 S, L + MASTERCHOLAPX(U, k + n(1 — 1/K?),€ + 1/8,6, ¢ + 1/log(1/6))
5 S« SUBSAMPLINGGRAPHSPARSIFY(CHOLAPXSOLVER,§, 1/8,6, K)

6 L <+ MASTERCHOLAPX(S, k + n/K2 e+ 1/8,68,c + 1/log(1/6))

~ |0
L+ |L

3

L

8 return L

Theorem 3.3.2. Suppose G = (V, E) is a connected undirected multi-graph with positive
edge weights w : E — R, , and associated Laplacian U, and that G has m multi-edges.
Given a scalar § < 1/n'%, the algorithm SPARSERCHOLAPX(U, ) returns an approzimate

Cholesky decomposition L s.t. with probability at least 1 — O(6),
LLT =~ U. (3.11)

The running time of the algorithm is bounded by O(mlog?(1/8) +
nlog3 nlog?(1/6) loglog(1/6)), and the mazimum number of non-zero entries in L is

bounded by O(nlog?nlog?(1/6)loglog(1/6)).
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Proof. The first call to SUBSAMPLINGGRAPHSPARSIFY runs in time
O ((m + KimlogQ(l/d) logn)logn + Kmlog(l/&)) = O (mlog?(1/6) +nlog(1/6)log?n).
1

Output edge count is nlog(1/6)log?n, and is 1/log(1/6)-bounded. So after splitting to

1

W—bounded, the output edge count is nlog?(1/6) log®n.

Then MASTERCHOLAPX in Line 4 runs in time nlog?(1/6)log? nloglog(1/6), and the
output edge count is nlog?(1/6) log? n loglog(1/4).
Next, SUBSAMPLINGGRAPHSPARSIFY in Line 5 runs in expected time (n refers to the

original size):
nlog?(1/8) log® nloglog(1/8) + n%Klog(l/é) + %nlog%l/é) log® n loglog(1/4).

And, after splitting edges to ensure m—boundedness, the output edge count is
nlog?(1/6)log®n. Then the last call to MASTERCHOLAPX runs in time n log?(1/6) log n.

O

3.4 Approximating Schur Complements using Approximate

Gaussian Elimination

Given a Laplacian U and a subset C of its vertices, we use WEAKSCHURAPX(U, C¢, ) to
denote algorithm we get from calling MASTERCHOLAPX with kK = n — |C| using Rule (ii)
for eliminations, and w.l.o.g. we assume that the indices of U are sorted so that the first
k indices correspond to the vertices of V' \ C. Finally, we define WEAKSCHURAPX to only
output S®). As an immediate corollary of Theorem 3.1.1 with these parameter settings, we

get the following.

Corollary 3.4.1. Suppose G = (V, E) is a connected undirected multi-graph with positive
edge weights w : E — Ry, and associated Laplacian U, and that G has m multi-edges. Given
a subset C C V of the vertices of U, and scalars § < 1/n'%, 0 < € < 1/2, the algorithm

WEAKSCHURAPX(U, C,¢€,d) returns an approzimate partial Cholesky decomposition Z,g
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onto set C s.t. with probability at least 1 — O(6),
~  aaT
S+ 2L ~.U. (3.12)

The mazimum number of non-zero entries in £ and S and the total running time are each

bounded by O(e~>mlog?(1/6)logn).
We also need the following observation about the output S(k)

Claim 3.4.2. Writing U® = Sk 4 ZZT, we have

sc[u®] =8®.

Proof. This claim is very simple to prove: Using the one-by-one elimination procedure
for computing a Schur complement as described in Section 2.3.4, we get that the rank 1

subtraction in the ith step when computing SC[U(k)] 7 Is exactly ¢; ciT . O

By combining Corollary 3.4.3, Claim 3.4.2, and Claim 2.3.3, we immediately get the

result below.

Corollary 3.4.3. Suppose G = (V, E) is a connected undirected multi-graph with positive
edge weights w : E — Ry, and associated Laplacian U, and that G has m multi-edges.
Let F C V be a subset of the vertices of U with |F| = k. Given scalars § < 1/n1%,
0 < € < 1/2, the Laplacian matriz S returned by the algorithm WEAKSCHURAPX(U, ¢, 6)
satisfies S =, Sc|U] g, with probability at least 1 — O(6). The mazimum number of non-zero

entries in £ and S and the total running time are each bounded by O(e~2mlog?(1/6)log n).

Finally, we want to develop a version of the Schur approximation algorithm where the
¢~2 factor in the running time multiplies a factor of n rather than m. This will later be
important when we develop an algorithm for sampling random spanning trees.

We can achieve this and improved sparsity of the output by combining the
routine with a sparsification algorithm. We use a slightly simpler routine than
SUBSAMPLINGGRAPHSPARSIFY from Section 4.1, since we will not worry too much about

the number of logs in the running time.
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We use GRAPHSPARSIFY to refer to the leverage score estimation procedure of Spiel-
man and Srivastava [SS11c|. Stated for Laplacian solvers with solving time equal to their

construction time, the guarantees of the algorithm are described in the following theorem.

Theorem 3.4.4. Let LAPSOLVER be a Laplacian linear system solver s.t.
LAPSOLVER(U, b, €, ) returns x s.t. wz’ih probability 1 — O(8), |l —Uth|, <e||UTh||y.
Assume LAPSOLVER runs in time T'(m, €, 0).

Then the algorithm GRAPHSPARSIFY(LAPSOLVER, U, ¢, d) Creturns U with

O(e 2nlog(1/6)) edges s.t. with probability 1 — O(6)

The algorithm runs in time O(ne2log(1/8) + mlog(1/6) + T(m,1/2)log(1/6)).

By combining WEAKSCHURAPX with GRAPHSPARSIFY and CHOLAPX we get a Schur

complement approximation, SCHURAPX, stated as Algorithm 4.
Algorithm 4: SCHURAPX(U, F|¢, 0)

1 U + GRAPHSPARSIFY(CHOLAPX, U, ¢/3, 6)
2 £, 8 + WEAKSCHURAPX(U, F, /3, 6)
3 S < GRAPHSPARSIFY(CHOLAPX, U, ¢/3,6)

o~

4 return S

The performance of this algorithm is characterized by the following theorem.

Theorem 1.2.5 (Approximation of Laplacian Schur Complements). Suppose U € R™*™
is a Laplacian matriz with m non-zero entries. Given a set vertices C C V, and scalars
0 <e<1/2,0<6 <1, the algorithm SCHURAPX(L, C,¢€,6) returns a Laplacian matriz
S. With probability > 1 — O(8), the following statements all hold: S =, Sc[U]¢.- S is
a Laplacian matric whose edges are supported on C. Let k = |C| = n — [F[ The total
number of non-zero entries S is O(ke 2log(n/68)). The total running time is bounded by

O((mlognlog?(n/8) + ne=2log nlog*(n/8)) polyloglog(n)).

Proof. The proof is immediate from combining Corollary 3.4.3, Theorem 3.4.4 and Corol-
lary 1.2.2. O
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Chapter 4

Sampling Random Spanning Trees

We present an algorithm that, with high probability, generates a random spanning tree from
an edge-weighted undirected graph in O(max {n*/3m'/2,n?}) time. The tree is sampled from
a distribution where the probability of each tree is proportional to the product of its edge
weights. This improves upon the previous best algorithm due to Colbourn et al. that runs in
matrix multiplication time, O(n%). For the special case of unweighted graphs, this improves
upon the best previously known running time of O(min{n¥,my/m, m*3}) for m > n?/*
(Colbourn et al. ’96, Kelner-Madry ’09, Madry et al. ’15).

Our algorithm samples edges according to their conditional effective resistance as in
[HX16]. We repeatedly use the well known fact that the effective resistance multiplied by
the edge weight, which we will refer to as the leverage score of the edge, is equal to the
probability that the edge belongs to a randomly generated spanning tree. To generate a
uniformly random spanning tree, one can sample edges in an iterative fashion. In every
iteratibn, the edge being considered is added to the spanning tree with probability exactly
equal to its leverage score. If it is added to the tree, the graph is updated by contracting
that edge, otherwise, the edge is removed from the graph. Though using fast Laplacian
solvers [ST14a] one can compute the leverage score of a single edge in O(m) time, since one
needs to potentially do this m times (and the graph keeps changing every iteration), this
can take 5(m2) time if done in a naive way. It therefore becomes necessary to compute the
leverage scores in a more clever manner.

The algorithms in [CDN89, HX16] get a speed up by a clever recursive structure which
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enables one to work with much smaller graphs to compute leverage scores at the cost of
building such a structure. This kind of recursion will be the starting point of our algorithm
which will randomly partition the vertices into two equally sized sets, and compute Schur
complements onto each of the set. We crucially use the fact that Schur complement, which
can be viewed as block Gaussian elimination, preserves effective resistances of all the edges
whose incident vertices are not eliminated. We first recursively sample edges contained in
both these sets, contracting or deleting every edge along the way, and then the edges that
go across the partition is sampled. Algorithm in [HX16] is essentially this, and they prove
that it takes O(n¥).

In order to improve the running time, the main workhorse we use is the Schur complement
approximation routine from Section 3.4. Since we compute approximate Schur complements,
the leverage scores of edges are preserved only approximately. But we set the error parameter
such that we can get a better estimate of the leverage score if we move up the recursion tree,
at the cost of paying more for the computing leverage score of an edge in a bigger graph.
We give a sampling procedure that samples edges into the random spanning tree from the
true distribution by showing that approximate leverage score can be used to make the right
decisions most of the times.

Subsequently, we are presented with a natural trade-off for our error parameter choice
in the SCHURAPX routine: larger errors speed up the runtime of SCHURAPX, but smaller
errors make moving up the recursion to obtain a more exact effective resistance estimate
less likely. Furthermore, the recursive construction will cause the total vertices across each
level to double making small error parameters even more costly as we recurse down. Our
choice of the error parameter will balance these trade-offs to optimize running time.

The routine SCHURAPX produced an approximate Schur complement only with high
probability. We are not aware of a way to certify that a graph sparsifier is good quickly.
Therefore, we condition on the event that the SCHURAPX produces correct output on all
the calls, and show ultimately show that it is true with high probability.

Our algorithm for approximately generating random spanning trees, along with a proof

of Theorem 1.2.6 is given in Section 4.1 and 20.
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4.1 Algorithm for Sampling Spanning Trees

It is well known that for any edge of a graph, the probability of that edge appearing in
a random spanning tree is equal to it’s leverage score. We can iteratively apply this fact
to sample a w-uniform randdm tree. We can consider the edges in an arbitrary sequential
order, say ey, ..., e, € F, and make decisions on whether they belong to tree. Having decided
for edges e, ..., €;, one computes the probability p;+1, conditional on the previous decisions,
that edge e;1+1 belongs to the tree. Edge e;41 is then added to the tree with probability p;y1.

To estimate the probability that edge e;+1 belongs to the tree conditional on the decisions
made on ey, ..., e;, we can use Fact 2.4.7. Let Ep C {e1, ..., e;} be the set of edges that were
included in the tree, and Fr C {e1, ..., &;} the subset of edges that were not included. Then,
pit1 is equal to the leverage score of edge e;41 in the graph GO+ := (G\ Fr) /Er obtained
by deleting edges Fr from G and then contracting edges Ere. In other words, we get G (i+1)
from G by either deleting the edge e; or contracting it, depending on if e; was not added to
the tree or added to the tree, respectively. Note that as we move along the sequence, some
of the original edges may no longer exist in the updated graph due to edge contractions. In
thgt case, we just skip the edge and move to the next one.

Computing leverage score of an edge, with € multiplicative error, requires 5(m log1/€)
runtime. Since we potentially have to compute leverage score of every edge, this immediately
gives a total runtime of O(m?).

Our algorithm will similarly make decisions on edges in a sequential order. Where it
differs from the above algorithm is the graph we use to compute the leverage score of the
edge. Instead of computing the leverage score of an edge in the original graph updated
with appropriate contractions and deletions, we deal with potentially much smaller graphs
containing the edge such that the effective resistance of the edge in the smaller graph is
approximately same as in the original graph. In the next section, we describe the sampling
procedure that we use to sample from the true distribution, when we have access to a cheap

but approximate routine to compute the sampling probability.
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4.1.1 Structure of the Recursion

We now describe the recursive structure of the algorithm given in Algorithm 5. The structure
of the recursion is same as in [HX16]. Let the input graph be G = (Vg, Eg). Suppose at
some stage of the algorithm, we have a graph G. The task is to make decisions on edges in
EgNEg. We initially divide the vertex set into two equal sized sets Vz = V1UVa. Recursively,
we first make decisions on edges in G (Vi) N Eg, then make decisions on edges in G(Va)NEg
and finally make decisions on the remaining édges. To make decisions on G (Vi) N Eg, we
use the fact that the effective resistance of edges are preserved under Schur complement.
We work with the graph G, = SCHURAPX(@, V1, €) and recursively make decisions on edges
in Eqg N G(V1). Having recursively made decisions on edges in Eg N é(Vl), let ET be the
set of tree edges from this set. We now need to update the graph G by contracting edges
in Ep and deleting all the edges in E N G(V1) N Eg. Then we do the same for the edges in
EgNG(Va).

Finally, we treat the edges Eg N (V, V3) that cross V1, V; in a slightly different way, and
is handled by the subroutine SAMPLEACROSS in the algorithm. If we just consider the edges
in Fg, this is trivially a bipartite graph. This property is maintained in all the recursive calls
by the routine SAMPLEACROSS. The routine SAMPLEACROSS works by dividing Vl, V5 both
into two equal sized sets V3 = L1 ULg and V5 = R; U Ry and making four recursive calls, one
each for edges in EgN(L;, R;),1 = 1,2;j = 1,2. To make decisions on edges in EgN(L;, R;),
it recursively calls SAMPLEACROSS on the graph G;; = SCHURAPX(C?’, (L;, R;)¢, €) obtained
by computing approximate Schur complement on to vertices in (L;, Rj) of vertices outside

it.

Exact Schur Complement and O(n¥) Time Algorithm

Here we note how we can get a O(n“) algorithm. Note that this is very similar to the
algorithm and analysis in [HX16]. If in SCHURAPX calls, we set ¢ = 0, i.e., we compute
exact Schur complements, then we have a O(n“) algorithm. Whenever we make a decision
on an edge by instantiating SAMPLEEDGE(e), we just have to compute the leverage score

lo of the edge e in a constant sized graph. This can be done in constant time and since we
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do exact Schur complements, [, = l¢(G). We can therefore use this to decide if e belongs to
the tree and then update the graph by either contracting the edge or deleting it depending
on if it is included or excluded in the tree. In a graph with ny vertices, it takes O(ny) time
to compute the Schur complement. Let T(n) be the time taken by SAMPLEWITHIN on a
graph of size n and B(n) be the time taken by SAMPLEACROSS when called on a graph of

size n. We then have the following recursion

T(n) =2T(n/2) + B(n) + O(n®)

B(n) = 4B(n/2) + O(n®).
We therefore have T'(n) = O(n¥).

Approximate Schur Complement and Expected 5(max {n4/ 3mt/ 2,n2}) Time Al-

gorithm

We speed up O(n®) algorithm by computing approximate Schur complements faster. Having
access only to approximate Schur complements, which preserves leverage score only approx-
imately, introduces an issue with computing sampling probability. It is a-priori not clear
how to make decisions on edges when we preserve leverage scores only approximately during
the recursive calls. The key idea here is as follows. Suppose we want to decide if a particular
edge e belongs to the tree. Tracing the recursion tree produced by Algorithm 5, we see that
we have a sequence of graphs G, G1,Go, ..., Gy all containing the edge e, starting from the
original input graph G all the way down to G which has a constant number of vertices. We
also have V(G;) C V(Gi-1) for all k > i > 1, all of them being subsets of V(G).

Let n = |V(G)|,m = |Eg| be the number of vertices and edges in the input graph, When
setting the error parameters, we choose € and some threshold values in ways that depend on

whether m < n*/3 holds. In the case m > n%/ 3 we define € in terms of the level i as

e(i) = 242~ /8m=410g 2 . (4.1)
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4/3

In the case m < n*/°, we -define € in terms of the level 7 as

e(i) = 2/2n"Y210g 2 n. (4.2)

The threshold value is #; is such that 221 = %{2

Our €(-) function will ensures for all 4, I.(G) € [(1 — €)l.(Gi), (1 + €)l(G;)] for an
appropriate ¢;. We sample a uniform random number r € [0, 1], and initially compute l.(G¥).
If r lies outside the interval [(1 — €;)le(Gk), (1 + €;)le(Gk)], then we can make a decision on
the edge e. Otherwise, we estimate l.(G) to a higher accuracy by computing l.(Gkx—1). We
continue this way, and if r lies inside the interval [(1 — €;)l.(G;), (1 + €)l.(G;)] for every 1,
then we compute l.(G) in the input graph G. In the next section we describe SAMPLEEDGE
in more detail.

At this point, we find it important to mention that the spectral error guarantees from
the SCHURAPX subroutine only hold with probability > 1 — O(d). The explanation of the
SAMPLEEDGE subroutiﬁe above relied on these spectral guarantees, and the error in our
algorithm for generaﬁng random spanning trees will be entirely due to situations in which
the sparsification routine does not give a spectrally similar Schur complement. For the time
being we will work under the following assumption and later use the fact that it is true

w.h.p. to bound the error of our algorithm.

Assumption 4.1.1. Fvery call to SCHURAPX with error parameter € always computes an

e-approzimate Schur Complement.

Sampling Scheme: SAMPLEEDGE

In this section we describe the routine SAMPLEEDGE(e) for an edge e € G in the input

graph. By keeping track of the recursion tree, we have Go, Gy, ..., G and e € G; for all 4.

Lemma 4.1.2. For graph G and G;, the respective conditional leverage scores l. and léi) for

edge e are such that lo € [(1 — 2¢(i) log n)lgi), (1 + 2¢(4) log n)léi)]

This will now allow us to set €; = 2¢(i)logn. We will delay the proof of Lemma 4.1.2

until later in this section in favor of first giving the sampling procedure. The sampling
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Algorithm 5: GENERATESPANNINGTREE(G = (Ez, V)) : Recurse using Schur Com-
plement

Input: Graph G. Let Eg, a global variable, denote the edges in the original (input)
graph G.

Output: E7 is the set of edges in the sampled tree.

Er < SAMPLEWITHIN(G)

return Er

Procedure SAMPLEWITHIN(G)

Set Er <+ {}

if |V] =1 then

| return

else

Divide V into equal sets V = V; U V5.

fori=1,2 do
Compute G; = SCHURAPX(G, Vi, (level)) (see Equations (4.2) and (4.1))
Er < Er USAMPLEWITHIN(G;) ,
Update G by deleting edges in é(VZ) N E% and contracting edges in

G(V;) N Er. (Note the convention E$ :=Eg\Er)

13 Er+ Er U SAMPLEACROSS(C?, (V1, Vo))
14 return Er

© 00 9 & 0ok W N =

-
= O

-
N

15 Procedure SAMPLEACROSS(G, (L, R)) if |L| = |R| = 1 then

16 Er = SAMPLEEDGE(G, (L, R) N Eg)

17 | return Er

18 Divide L, R into two equal sized sets: L = L; U Ls, R = Ry U R,.
19 fori=1,2do

20 for 7=1,2do

21 C:’ij + SCHURAPX(G, (L; U R;),e(level)) (see Equations (4.2) and (4.1))
22 Er + Er USAMPLEACROSS(Gj, (Li, R;)) |
23 Update G by contracting edges E7 and deleting edges in E$ N (L;, R;)

24 return Er
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procedure is as follows. We generate a uniform random number in r € [0,1]. We want
to sample edge e if r < [.(G). Instead, we use le(Gg) as a proxy. Note that using fast
Laplacian solvers, we can in O(no. of edges) time compute leverage score of an edge upto a
factor of 1 + 1/poly(n). Since l.(G) € [(1 — €x)le(Gk), (1 + €x)le(Gg)], we include the edge
in the tree if 7 < (1 — €g)l.(Gk), otherwise if 7 > (1 + €x)l.(Gk), we don’t include it in the
tree. If r € [(1 — €x)le(Gk), (1 + €x)le(Gk)], which happens with probability 2exle(Gi), we
get a better estimate of l¢(G) by computing l¢(Gg-1). We can make a decision as long as
r ¢ [(1 — €x—1)le(Gr-1), (1 + €x—1)le(Gr—1)], otherwise, we consider the bigger graph Gi_s.
In general, if 7 ¢ [(1 — €)le(Gi), (1 + €:)le(Gi)], then we can make a decision on e, otherwise
we get a better approximation of le(G) by computing le(G;i—1). If we can’t make a decision
in any of the k steps, which happens if 7 € [(1 — €)le(Gy), (1 + €)le(G;)] for all 4, then we
compute the leverage score of e in G updated with edge deletions and contractions resulting
from decisions made on all the edges that were considered before e.

Note that when we fail to get a good estimate at level i for some i > ¢;, we always
compute the next estimate with respect to the original graph.

Finally, note that in the final step, we can compute l.(G) up to an approximation factor
of 14 p in O(mlog1/p). We can therefore start with 6 = 1/n and if 7 € [(1— p)lo(G), (1 +
P)le(G)], we set p = po/2 and repeat. This terminates in O(m) expected (over randomness
in r) time.

For our algorithm, assume that we have an efficient data structure that gives access to

each graph Gy, ...Gg in which e appears.

Proof of Lemma 4.1.2

This edge sampling scheme relies upon the error in the leverage score estimates remaining
small as we work our way down the subgraphs and remaining small when we contract and
delete edges. Theorem 1.2.5 implies leverage score estimates will have small error between
levels, so we will only have compounding of small errors. However, it does not imply that
these errors remain small after edge contractions and deletions, which becomes necessary to

prove in the following lemma.
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Algorithm 6: SAMPLEEDGE(e) : Sample an edge using conditional leverage score

[ I U U

-3

10

11
12
13

14

15
16
17

18
19

20

Input: An edge e and access to graphs Gy, ...G in which e appears
Output: Returns {e} if edge belongs to the tree, and {} if it doesn’t
Generate a uniform random number 7 in [0, 1]
le + ESTIMATELEVERAGESCORE(e)
if r <[, then

| return {e}
else

L return {}
Procedure ESTIMATELEVERAGESCORE(e) Compute 1% to error 1 /n
if ISGOOD(lék),e) then

(k)
return g

for ¢ = t; to logn do

) with error 1 /n

Compute [, an estimate for lé(f
if IsGooD(l,¢€(7)) then

L return /

for i =0 to oo do

Compute I, an estimate for léo) with error 27'n
if 1IsGooD(l,27'n) then

L return [

Procedure 1SGOOD(lg,€) if 7 < (1 —€)le or > (1 +¢€)l, then
l_ return 7rue

return False

59



Lemma 4.1.3. Given a graph G = (V, E), vertez partition V1, Va, and edges e € EN(V1, V1),

then
SCHURAPX(G, V1, €)/e ~¢ SC[G/e]y. , SCHURAPX(G, V1, €) \ e ~ SC[G \ €]y,

Proof. SCHURAPX(G, V1,¢€)/e =3¢ SC[G]y, /e because spectral approximations are main-
tained under contractions. Furthermore, SCHURAPX(G,Vi,e) = Uy, + Sy, where Uy,
is the Laplacian of the edges in E N (V1,V1). Similarly, write Sc[G]y, = Uy, + Sy, and
because gvz ~¢ Sy, then Uy, \ e + §V2 ~¢ Uy, \ e + Sy,. Combining these facts with

Fact 2.4.8 gives the desired result. O

Proof. (of Lemma 4.1.2)
By construction, €(i) < e(k) for every i < k. Iteratively applying Theorem 1.2.5 and
Lemma 4.1.3, gives I, € [e‘e(k)klgk),ee(k)klgk)], and using e(k) < 1/log2n for all k, and

k < logn finishes the proof

Correctness

Under Assumption 4.1.1, we were able to prove Lemma 4.1.2. This, in turn, implies the
correctness of our algorithm, which is to say that it generates a tree from a w-uniform dis-
tribution on trees. We now remove Assumption 4.1.1, and prove the approximate correctness

of our algorithm, and the first part of Theorem 1.2.6.

Theorem 1.2.6 (Sampling Random Spanning ’I‘rees).. For any 0 < & < 1, the rou-
tine GENERATESPANNINGTREE (Algorithm 5) outputs a random spanning tree from
the w-uniform distribution with probability ot least 1 — § and takes expected time

O(max {n#/3mY2 n?} log*(1/6)).

Proof. Each subgraph makes at most 6 calls to SCHURAPX, and there are logn recur-
sive levels, so O(n®) total calls are made to SCHURAPX. Setting &' = ﬁgj for each

call to SCHURAPX, Assumption 4.1.1 holds with probability (1 — ¢’ )O(”s) =1-94, and
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log* (9%&) = O(log* (1/6)). Therefore, our algorithm will only fail to generate a random
tree from the w-uniform distribution on trees with probability at most 4.

a

Runtime Analysis

We will now analyze the runtime of the algorithm. Let T'(n) be the time taken by
SAMPLEWITHIN on input a graph G with n vertices and let B(n) be the time taken by
SAMPLEACROSS on a graph with n vertices. We recall that the recursive structure then
gives T(n) = 2T(n/2) + 4B(n/2) and B(n/2) = 4B(n/4). To compute the total runtime,
we separate out the work done in the leaves of the recursion tree from the rest. Note that
SAMPLEEDGE is invoked only on the leaves.

First we bound the total number of nodes of the recursion tree as a function of the depth

in the tree.

Lemma 4.1.4. Level i of the recursion tree has at most 471 — 2! nodes, the number of

vertices in the graphs at each of the nodes is at most n/2%.

Proof. It is clear that the size of the graph at a node at depth i is at most n/2!. We will
bound the number of nodes by induction. There are two types of nodes in the recursion tree
due to the recurrence having two kinds of branches corresponding to T'(n), B(n). We will call
the nodes corresponding to T'(n) as the first type and it is clear from the recurrence relation
that there are 2¢ such nodes. Let us call the other type of nodes the second type, and it is
clear that every node (both first and second type) at depth ¢ — 1 branches into four type two
nodes. Therefore, if a; is the total number of nodes at level 4, then a; = 4a;_; + 2°. We will
now prove by induction that a; < 471 — 28, Given ag = 1, the base case follows trivially.
Suppose it is true for i — 1, then we have a; = 4a;_1 + 2¢ < 4(4% — 2171) + 28 = 4¢+1 — 28
proving the lemma.

a

Now we will compute the total work done at all levels other than the leaves. We recall

the error parameter in SCHURAPX calls is a function of the depth in the tree: In the case
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4/3

m > n*°, we define € in terms of the level 7 as

(i) = i/ 2 =1/6py—1/4 log™2n.

4/3

In the case m < n*°, we define € in terms of the level 7 as

e(i) = 2?02 log2 .

Note that when m > n%/3, we have n=/%m=1/4 < n=1/2, Further, the maximum value of 4

1/2

is logn so 2¢/2 = p/2, This means we always have €(i) < 221216672 n < log 2 n.

The threshold value ¢; is such that 2% = :‘n—z

Lemma 4.1.5. The total work done at all levels of the recursion tree excluding the leaves

is bounded by O(max {n4/3m1/2, n?} log?(1/9)).

Proof. From Theorem 1.2.5 the work done in a node at depth ¢ is
0 (((n/21)? + n27%(3)"2) log*(1/6)) . The log*(1/6) factor is left out from the re-
maining “analysis for simplicity. By Lemma 4.1.4, the total work done at depth ¢ is

O (n® + n2'€(i)~%) . Finally, bound for the total running time across all levels follows from

logn
Zn2+2i n = O<n2logn+nmax{nl/3m1/2,n}) .
par (i)

a

We will now analyze the total work done at the leaves of the recursion tree. We first
state a lemma which gives the probability that approximate leverage score of an edge can

be used to decide if the edge belongs to the tree.

Corollary 4.1.6. If v is drawn uniformly randomly from [0,1], then the probability that
r e[l —élglog?n,1+ él,log?n] is O(éle) w.h.p.

Proof. The exact probability is 2¢él, log? n, and from Lemma 5.8, we know [, < 2, w.h.p.
O

We now consider the expected work done at a single leaf of the recursion tree.
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Lemma 4.1.7. Let I, be the leverage score of an edge e in the G which is obtained by
updating the input graph based on the decisions made on all the edges considered before e.

The routine SAMPLEEDGE takes
9] (1 + [ max {n, n1/3m1/2}) .

Proof. It takes O(1) time to compute the leverage score at a leaf of the recursion tree. The
routine SAMPLEEDGE successively climbs up the recursion tree to compute the leverage
score if the leverage score estimation at the current level is not sufficient. The probability
that the outcome of 7 is such that we cannot make a decision at level i is O(e(i)le).

The time required to compute the leverage score of edge e in the graph at a node at
depth i in the recursion tree is O((n/2%)?).

Finally, with probability 5(6(751)16) we need to compute the leverage score in the input
graph and the expected running time is 5(m) Therefore, when m > n*3 and €(i) =

2i/20~1/6m=1/410g=2 n, the total expected running time is

_ i=logn 9 _
0] (1 + m€(t1)le + I Z 6(1)%) =0 (1 + lemn—l/sm_1/4n1/2m_l/4)
i=t1

= 0 (1+ tentPm1/?).
When m < n/3 and €(i) = 2¢/2n=1/210g™2 n, the total expected running time is

~ i=logn 9 ~
0 <1 + me(ty)le + Le Z e(i)%) =0 (1 + lemn—l/an/Zm—l/4)

i=t1

O (1+1em™*)
~ |

(]- + leﬂ) .

Note that n!/3m!/2 > n if and only if m > n*/3, so we can summarize this as the expected
running time being bounded by O (1 + le max {n, nt/3m1/2}).
O

We now want to give the runtime cost over all edges. Let us label the edges ey, ...,en in
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the order in which the decisions are made on them. In the following, when we talk about
leverage score l., of an edge e;, we mean the leverage score of the edge e; in the graph

obtained by updating G based on the decisions made on ey, ...,e;_1.

Lemma 4.1.8. Lete; be the first edge sampled to be in the tree, and X = le; +ley+ley+... 41,
be a random variable. Then,

Pr(X > C) <e™C.

Proof. Let pj = l;, we have 0 < p; < 1. If Zj p; > C, then the probability that the edges

€1, ..., €—1 is deleted is

ﬁ(l —pj) < (1 - %y < eC.

Jj=1

O

We thus have E(X) = O(1), and also, with probability at least 1 — 1/poly(n) we have
X = O(logn). Applying this iteratively until n — 1 edges are sampled to be in the tree, we
have that the expected sum of conditional leverage scores is O(n), and is O(nlogn) with

probability 1 — 1/poly(n).

Corollary 4.1.9. The total expected work done over all the leaves of the recursion tree is

O(max {n*3m1/2,n2}).

Proof. This immediately follows from Lemma 4.1.7 by plugging in 3 ¢ le = O(nlogn), which
holds with probability at least 1 —1/poly(n), and observing that the work done at the leaves

is poly(n) in the worst case.
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Chapter 5

Approximate Gaussian Elimination

for Directed Laplacians

In this section, we will give an overview of the key components of our algorithm for LU
factorization and show how to use an LU factorization it generates to solve Eulerian Lapla-
cians. We will also give proofs of our two top level statements on Eulerian Laplacians
(Theorem 1.2.3 and Corollary 1.2.4) assuming lower level statements proven in this section
and later in the chapter.

We will assume that the input matrix, L, is a strongly connected Eulerian Laplacian.
The main algorithm for LU factorization, Algorithm 8, has pmax phases or iterations. The
routine for a single phase, given in Algorithm 7, iteratively eliminates vertices belongiﬁg to
a random set selected by Algorithm 9. In every iteration within any phase of the algorithm,
a vertex, say v, is eliminated. Let x, € R™ be the vector whose v’'th coordinate is set to one

and all others to be zero, and by ) = X, — Xy We write

ST[LL]= Z w(v,u)b(u,v)xg’-{_ Z w(%v)vag;,v)’
(v,u)EE (u,v)EE

to denote the directed star-graph at vertex v in L. We can write the Schur complement

obtained by eliminating vertex v as

SC[Lly\ gy = L — STIL], + STIL], - ﬁ,v)u:, VL(v, ).
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Since ST[L], — T_.Tzl;T)L(:’U)L(U’:) is in general a dense matrix, we use the routine

SINGLEVERTEXELIM(-), given in Subsection 5.1.2, to sparsify it at every iteration. We make
O(1) calls to SINGLEVERTEXELIM(-) at every elimination step, and this results in a slow in-
crease in the the total number of edges at every iteration. We will use SPARSIFYEULERIAN(+)
from [CKP*16b] to sparsify the current graph every once in a while based on the total edge
count. This is a routine to sparsify any Eulerian graph, and can be found in [CKP*16b].
Recalling the notion of asymmetric spectral approximation from Definition 2.1.3, the guar-

antees stated in Theorem 3.16 of [CKP*16b] can be stated as follows:

Theorem 5.0.1. For Eulerian Laplacian L € R™*™ and ¢, 6, € (0, 1) with probability at least
1 — p the routine SPARSIFYEULERIAN(L, 6, €) computes in O(nnz(L) + ne=2log(1/8)) time

an Fulerian Laplacian L € R™*" such that

1. L is an e—asymﬁzetm’c spectral approximation of L.
2. L has O(ne2log(1/8)) non-zeros.
3. the weighted in and out degrees of the graphs associated with L and L are identical.

A key thing to note is that the graph we maintain is always Eulerian. Let the vertices be
labeled so that in phase p of the algorithm, we eliminate vertices ;... 7,41 — 1. This means
that at the start of phase p, we have a graph on n — i, + 1 vertices. We will then index
the elimination steps using the superscript (9 to denote the state of things just before
we make the i*? elimination step. S(® denotes the matrix that we work on before the itP
elimination step. We define S® as an n x n matrix, but it is always non-zero only on entries
that correspond to pairs variables neither of which have been eliminated. L®) denotes the
original matrix perturbed by the perturbations introduced by SINGLEVERTEXELIM(-) and

SPARSIFYEULERIAN(-). We can express it as:

LG+ def g 4 (S(i+1) _ SC[L(i)] ) ‘
{i+1,..n—1}

The quantity S® is formally defined in Algorithm 8, along with an index set i; (some-
times denoted 7,) used to index into it for j = 0...pmax — 1, where pmax is the total number

of phases.
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Algorithm 7: SINGLEPHASE(L, ¢, €)

Input: an Eulerian Laplacian L on vertex set V, and an error parameter €

Output: Set of vertices eliminated, F, S!¥! an Eulerian Laplacian on V \ F,
matrices UFD | LUFD with non-zeros only in the rows/columns
corresponding to F respectively that are upper/lower triangle upon
rearranging the vertices in F, and L ~ SUFD) 4 LUFDg(FD

P + 0(log?(1/6)/€?)

¢ +— O(e/P)

Compute a sparsifier of L, S(°) «— SPARSIFYEULERIAN(L, §/P, ')

T + O(ne~%log®(1/6)) (the upper bound on nnz(S®) from Theorem 5.0.1)

Pick a 0.1-RCDD subset (Algorithm 9) of vertices F(® from S(%) '

Initialize U@, £©) « 0

Set kmax < ||F©|/2]

for k=1...kpnax do

Among vertices in Fk=1) W1th degree at most twice the average, pick a random

Vg

10 | F) « Fl=DA\ {4}

11 Set d®) «— S==1) (4 vy)

12 Update the factorization, set U® to U*~1) with row vy replaced by

(k) SE=1 (4, ) and L) to LY with column vy replaced by S¢—1 (uy, :).

13 Set 1F) (k) o length n vectors containing the the off-diagonal non-zeros in the

© 0 N O WA BN -

column and row of vy in S*=1) respectively.
14 Initialize the first matrix of the inner loop to be the exact Schur complement of

pivoting out v from S*—1. k.0  gk=1) _ E(lT)l(k)r(k)T

15 fort=1...Pdo

16 [ Skt) «— glkt=1) _ L (SINGLEVERTEXELIM (d(’“), 1) r(k)) — Sy l® T ) ,
(see Algorithm 10)

17 if nnz(S*F)) > 2T then

18 | S*) « SparsIFYEULERIAN(S®F) §/P,¢)

19 else

20 | S® + sk:P)

21 Return S(kmax) I/l(kma"), C(kma"), and kmax
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Algorithm 8: EULERIANLU(L, §, €)
Input: an Eulerian Laplacian L and error parameter 0 < € < 1/2
Output: lower and upper triangular matrices £,U whose product approximates L
1 L < SPARSIFYEULERIAN(L, §/2, O(¢/ logn))
2 SO « L and set £,U to be empty matrices.
31+ 10],7«0 '
4 while i; <n  (i.e., for pmax = O(logn) iterations) do
5 | (T,L, U, knax) < SINGLEPHASE (S("i) 8 _ O(e/log n))

) logn?

6 | ij ¢ ij—1+kmax, S&) T

7 | Insert the nonzero vectors from the partial LU factorization £',U4’ into their
corresponding locations £ and U, respectively.

8 J—J7+1

Using a matrix martingale concentration inequality, we can prove the following statement

about the distortions being bounded in each phase.

Theorem 5.0.2. Given an nxn Eulerian matriz L with m non-zeros and a 0.1-RCDD sub-
set J, and an error parameter € < 1/2, and probability bound § < 1/n, SINGLEPHASE(L, 4, €)
(Algorithm 7) creates with probability 1 — O(6) matrices g, c\u, wheré S is an Eulerian
Laplacian, and L',U' are upper and lower triangular respectively. The algorithm also finds

a subset J such that

for the matriz L =S + LU such that
ol (T-1)ul?|| <e (5.1)

and |J] > §|J].
Furthermore, the number of non-zeroes in S, £', and U’ will be at most O(ne~%log®(1/6))

and the runtime will be at most O(m + ne~8log"(1/9)).

This Theorem is proven in Section 5.1.
This means that with high probability we can bound the distortion taking place within
each phase by:
HU:({S) (L(ip) _ L(ip+1)) Ugl({f) H < bpe,
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while we also have (n —ip+1) < 0.99(n —4p)
We will now define a positive semi-definite matrix which we use for measuring the accu-

mulation of errors:

def
FOE D 0y Ui,

p'<p

and for convenience, we will let F' be

def
FEFPmd = N 6,U . (5.2)

0<p<pmax

We will set 8, = 5;1; so that ZZQ%""I 6p = 1. We will bound the final error in terms of F

as stated in the following lemma.

Lemma 5.0.3. With high probability the final accumulation of errors satisfies
“Fﬂ/z (L _ L(i)) FﬂﬂH <e
S

for everyi=20...n.

Proof of Lemma 5.0.3 is deferred to Section A.2. This alone will not be sufficient for

using L(™ as a preconditioner. Therefore, we show the following additional guarantee on F.

Lemma 5.0.4. With high probability, the final norm that we use, F, satisfies
LOTFILM = 1/0(log?n) - F.

Proof is deferred to Section A.2. Lemma 5.0.4 and the ability to solve linear systems in
L) enable us to solve linear systems in L. To formalize this, we need to draw upon the

definition of approximate pseudoinverses from [CKP*16b].

Definition 5.0.5 (Approximate Pseudoinverse). Matriz Z is an e-approximate pseu-

doinverse of matrix M with respect to a symmetric positive semidefinite matrix F, if
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ker(F) C ker(M) = ker(MT) = ker(Z) = ker(Z7), and
|[Timag) = ZM|| gy <€ !
The reason why approximate pseudoinverses are useful is that if one preco‘nditions with

a solver for an approximate pseudoinverse, one can quickly solve the original system.

Lemma 5.0.6 (Preconditioned Richardson, [CKP*16b] Lemma 4.2, pg. 30). Let b €
R™ and M,Z,F € R" " such that F is symmetric positive semidefinite, ker(F) C |
ker(M) = ker(MT) = ker(Z) = ker(Z7), and b € im(M). Then if one performs
t > 0 dterative refinement steps with step size n > 0, one obtains a vector x; =

PRECONRICHARDSON(M, Z, b, 7, t) such that
-Mb|| <1, —nzM|’__(IM'b
o= MIb|. < [Timeun — 720 18]
Furthermore, preconditioned Richardson implements a linear operator, in the sense that

x: = Z+b, for some matriz Zs only depending on Z, M, n and t.

We now argue that the properties of the approximate LU factorization produced by
our algorithm imply that a solver for systems in it is an approximate pseudoinverse of the

original Laplacian.

Lemma 5.0.7. Suppose we are given matrices L, L and a positive semi-definite matriz F

such that ker(F) C ker(L) = ker(LT) = ker(L) = ker(LT) and
1 HF“/?(L - I~,)Ff1/2H2 <e
2. LTF'L = 4F.
Then L is an \/ezfy——l—appmximate pseudoinverse for L w.r.t. the norm F.

Proof. Note Iiyy = II, but we will abuse notation and simply write I for matrix. The

1. Note that the ordering of Z and M is crucial: this definition is not equivalent to ||Timnt — MZ||p_, &
being small.
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condition we need to show HI — I~JTL“F e < v/€2y~ 1 is equivalent to
%
~ \T ~
(1 - LTL) F (I _ LTL) < 247 IF,
By rearranging a factor of L on the LHS, we get

~ \T ~ ~ T oo~y [~
(1 . LTL> F (I _ LTL) — (L — L) LATRL! (L - L) (5.3)

T :
<41 (L(”) _ L) Fi (L("> - L) , (5.4)

where in the last inequality we used LITFL < 4~1FT. Condition 1, i.e.,

|F11/2 (L™ — L) F1/2||, < € is equivalent to
(L(n) - L)T Ff (L(”) — L) = €F. (5.5)

~ T ~
Combining inequalities 5.4 and 5.5, we get (I — LTL) F (I - LTL) =< e2y71F. O

We would like for the error guarantees of our solver to be in terms of Uy,. In order to

provide such guarantees, we need to relate this matrix to F.

Lemma 5.0.8.
UL/O(log(n)) X F < O(n®log®n) - UL,

Proof. Sincé F= Zp’Sp Gp:US(ip) and 0 = —O-(l(}g—n), we have
1
F>—U
~ O(logn)

We have by Lemma 5.0.4 that w.h.p.,

F < O(log?n) - LTF'L
< O(log*n) - LTF'L
< O(log®n) - LTUL L

< O(n’log® n) - Uy,
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where we used Lemma A.4.1 and Lemma 5.0.3 for the second step and Lemma 13 from

[CKP*16a] pg. 19 for the last step. O

We have now stated the key theorems and lemmas needed to analyze correctness. With
these tools, we can obtain the main theorem statement about finding sparse LU factorizations

(Theorem 1.2.3) as follows.

Proof of Theorem 1.2.8. It is clear from the statement of the algorithm and the guarantees
of Theorem 5.0.2 that EULERIANLU(Algorithm 8) outputs an LU factorization with the
sparsity claimed and with the claimed bound on running time and error probability. The re-
maining correctness guaraﬁtees were proven as Lemma 5.0.8, Lemma 5.0.4, and Lemma 5.0.3,

respectively. L]

We now have all the tools we need to obtain a fast solver for strongly connected Eulerian

Laplacian systems.

Proof of Corollary 1.2.4. Suppose we have an Eulerian Laplacian L and find a 1/0(log?(n))-
approximate LU factorization in nearly linear time using Theorem 1.2.3 in the sense that
|F1/2(L— cU)F1/?||3 < 1/0(log? n). Because it is an LU factorization, we can solve systems
in it in linear time. By Lemma 5.0.7, such a solver is an 0.1-approximate pseudoinverse of L
with respect to F, provided we pick an appropriately small constant in the error guarantee we
invoke our LU factorization algorithm EULERIANLU (Algorithm 8) with. By Lemma 5.0.6, if
we precondition the original system with this solver, we can find a solution x to the original
system with €/poly(n) error in the sense that Ha: — LTbHF < m . HLTbHF in nearly linear

time. Since F ~pq1y(n) UL, this implies “a: — LTb][UL <e- HLTb”UL. |

5.1 Analysis of the LU Factorization Algorithm

In this section, we prove the guarantees of our LU Factorization Algorithm.

5.1.1 Finding an o-RCDD Block

First we provide a basic result (an analog of [LPS15]) showing we can find large a-RCDD

blocks of vertices efficiently.
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Algorithm 9: FINDRCDDBLOCK(G, )

Input: a directed graph G and a parameter «
Output: an a-RCDD set of vertices F' of size at least n/16

1 F+0

2 while |F| < m{z_,_—a) do

3 | F+29.

4 Randomly sample k = m’j_—a) vertices.

5 Discard any vertices that are not a-RCDD.
6 Set F' equal to the resulting set.

Theorem 5.1.1. Given a directed graph G, the function FINDRCDDBLOCK(G, ) (Algo-
rithm 9) outputs an a-RCDD set of vertices of size at least To{ray 0 time O(mlog(1/9))

with probability at least 1 — O(6).

Proof. This is immediate from Lemfna A.3.2 is in the Appendix. |

5.1.2 Single Vertex Elimination Algorithm

The algorithm below produces a sparse approximation of the clique created by Gaus-
sian Elimination on an Eulerian directed Laplacian. It can be implemented to run in
O(deg(v) log deg(v)) time where deg is the combinatorial degree of the vertex v being elim-
inated. The algorithm has two key features. When inéluding self-loops, it preserves the
weighted in and out degree of each vertex. This ensures the graph created by replacing
the clique with the sparse approximation is still Eulerian. Note that we may get self-loops
which will cancel out and change the degree of vertices, but it won’t change the fact that

each vertex still has in-degree equal to out-degree.

Lemma 5.1.2. The matriz A returned by SINGLEVERTEXELIM(L, 7) hasnnz(A) < nnz(l)+
nnz(r). Also, the algorithm makes < nnz(l) + nnz(r) recursive calls to itself, and all the

recursive calls are made to vectors with non-negative entries satisfying 171 =1Tr.

Proof. We prove this by induction on nnz(l) +nnz(r). Base case: nnz(l) + nnz(r) = 0, then
ILr= 0, s0 A =0, and nnz(A) = 0. This proves the base case. For the inductive step, we
suppose nnz(l) + nnz(r) = k + 1 and that the lemma holds whenever nnz(l) + nnz(r) < k.

W.lo.g. consider the case of min(I) < min(r). Note that I — I(i)x;, r — l(i)x; > 0, and
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Algorithm 10: SINGLEVERTEXELIM(I, 7)

Input: I, € R” s.t. both have non-negative entries and 171 =17 r.
Output: N € R"*"

15+ 171

2 if s =0 then

3 | return 0

else if min(!) < min(r) then

i +— argmin({)

Pick index j < k with probability r(k)/s

return l(i)xix]T + SINGLEVERTEXELIM(L — L(2)Xx;, T — 1(3)X;)

else

i < argmin(r)

10 Pick index j < k with probability I(k)/s

11 return r(i)x;Xx; + SINGLEVERTEXELIM(I — r(i)x;, r — r(1)X;)

'S

© o I oo

that
nnz(l — U(i)x;) + nnz(r — 1(i)x;) < k

so by the induction hypothesis with A’ = SINGLEVERTEXELIM(I — I(i)x;, 7 — L(i)x;) we
have nnz(A’) < k, and so nnz(A) < k+ 1. This proves the lemma by induction. The

number of recursive calls can be bounded in the same way. O

Lemma 5.1.3. The matriz A returned by SINGLEVERTEXELIM(I, 7) has only non-negative

entries and satisfies Al =1, and 1TA =1r".

Proof. We prove the lemma by induction on nnz(l) + nnz(r). It is true in the base case
nnz(l) + nni(r) =0, where ,7 =0,50 A=0,and Al=0=1,and1TA=0' =7".

For the inductive step, we suppose nnz(l) + nnz(r) = k + 1 aﬂd that the lemma holds
whenever nnz(l) + nnz(r) < k. W.l.o.g. consider the case of min(l) < min(r).

Let A’ = SINGLEVERTEXELIM(I — I(9)x;, 7 — 1(i)Xx;). By the induction hypothesis,
Al =1(i)xx; 1+ AL =1(0)x; +1— 1(i)x; = 1.
and similarly

1TA =1T1(0)xx] +1TA = 106)x] +r' — L(i)x] =r.
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Lemma 5.1.4. Given I, 7 € R™ s.t. both have non-negative entries and 17l =171 = s, let

A = SINGLEVERTEXELIM(I, 7). Then E[A] =Ir"/s.

Proof. We prove the lemma by induction on nnz(l) + nnz(r). It is true in the base case
nnz(l) + nnz(r) = 0, where I, = 0, so A = 0, so E[A] = 0. For the inductive step, we
suppose nnz(l) + nnz(r) = k + 1 and that the lemma holds whenever nnz(l) + nnz(r) < k.
W.lo.g. consider the case of min(l) < min(7).

Then

B ()= 3 ™2 (1] + =50 - 10X = 1x,) ")

J

- Z L&Qxir(j)x;ﬁ_ + @S —1l(i) (I—1G)x,)r" — £S_)s+l(z)(l —1@)x)r()x]
J

1) , i5) 1 ;

- ?Xir—r + g — l(Z) (l - l(z)X'L’)TT - TS — l(’I,) (l - l(l)Xi)TT

o 1 1 (i) 1 1 1(7)

= l(’b)xi'pT (; — Py l(z) + _3—5 — l(z)) + l'rTs - l(z) (1 — —S_>

=1Ir'/s. ‘

a

A crucial matrix used in analyzing the elimination of a single vertex is the Schur com-
plement of of the star incident on the eliminated vertex in the undirectification of the whole

matrix.

Definition 5.1.5. Given an FEulerian Laplacian L and a vertez v, let Ujgeqr = CL[UL),

(see Equation (2.4)).

Note that
Ulocal = ST[ULL, .

And hence for a random choice of vertex v in a graph with n remaining vertices
, 2
]E'v [Ulocal] :_< ;UL (5.6)
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Lemma 5.1.6 (Single Vertex Elimination Routine). There is a routine SINGLEVERTEXE-
LIM that takes the in and out adjacency list vectors | and r of a vertex u in an Eulerian
Laplacian with d non-zeros, and produces a matrix A with at most d non-zeros such that the
error matric

1

T
szl’r‘ —A

satisfies
1. X1=0,X"1=0, and
2. E[X] =0, and

3. For the local undirectification, Ujgeqr as given in Definition 5.1.5,

< 4.

local local 9

HU11/2 XUﬂ/Q

Proof. We already have Parts 1 and 1 from Lemma 5.1.3 and Lemma 5.1.4.

For part 3, we note that by A (by Lemma 5.1.3) has the sum of the absolute value of its
entries in the ith row and ith column of at most I(7) + r(¢). This similarly applies to the
the expectation ;%—ler. Thus, the sums for the error matrix X are at most double this:
2(1(3) + r(2)).

Now, we define a diagonal matrix Dj,.,;, whose ith diagonal entry is w
safe Because the sums of the absolute values of the ith row and column are at most

4(Dlocal)1:i, we have

—1/2 -1/2
HDlocal XDlocél | <4

Now, Ul <D so |[UM2DI/2 ||, < 1 and hence

local — “local’ local ™~ local

U oot XUpeti | = (UL D1 ) it i XDyl (UL D) Tl < 4.

local local local ™ local local local local ™ local
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5.1.3 Bounds on Schur Complements

In this section we bound the blowup of the Schur complements as we pivot away a-RCDD
subsets of vertices. This is useful for bounding the variance operators after repeated single

step eliminations as in Section 5.1. The main result that we’ll show is:

Lemma 5.1.7. Suppose that L =D — AT € R™ " {s an Eulerian Laplacian, let U def U

and let F,C C [n] be a partition of [n] such that Upp > éDFF then Ugqr, = (1+2a)U.

Corollary 5.1.8. Suppose that L = D — AT € R™*" is an Eulerian Laplacian, and F C [n]
is an a-RCDD subset. Then Ugqr), = (3+ 1)UL.

Proof.” Consider an Eulerian Laplacian L = D — AT € R"*" and an a-RCDD subset
F C[n]of L. Let U def UL = D—-Uj,, then the a-RCDD condition implies that l—i—aD FF—
(Ua)FF = 0, since it is SDD. Hence Upp = 135 Dpr + ﬁDFF —(Ua)rr = 135D. The

conclusion now follows from Lemma 5.1.7. O

Bounding General Schur Complements

We start with a simple lemma that upper bounds the Schur complement of a general matrix

spectrally via its symmetrization.
Lemma 5.1.9. If N € R™" satisfies U “f Un = 0 and F,C C [n] is a partition of [n]

where Upp > 0 and Npp is invertible and

gef | [N7p]"UrrNgr Orc

M < of[NT]TUNT

Ocr Occ

then USO[N]F <(14+a)U.

Proof. Let z € R™ be arbitrary and let ,y € R™ be defined so that x¢ = yo = z¢,

Tp def —N;}?NFC’ZO, and yp = —U;};Upczc. Note that,
L Nrr Nrc ~NzpNpczc OF
T = =
Ncr Nec zc Sc[N]z z¢
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and therefore T Lz = 2 SC[N] z. Furthermore, note that
T T T
z Uz =2pUprzr+22¢Ucrzr + 2zcUcczc

and since Ugg > 0 we have that zTUz is minimized over zr when zp = —U;};Upozc

and thus y Uy < 2TUz. Furthermore, note that
yr — @ = Npp[Nylr
and consequently as ¢ = y we have that

| 2
|l —yllx = (xr — yp)Urr(zr — yp) = H[Ny]pllf\l;}UFFN;} .

2 2 2
= [INyllm < o [Nylintront < allyll -

Further, using the U-orthogonality between y and & — y (as  — y is supported on F' and
Uy is 0 on F),

2 2
Izl = llylE + lz —yly < @ +e) lylE

and as ||m||% =2'Sc[N|pz = zTUSqN]Fz and ||y||%- < HzH% the result follows. O

Schur Complements of Eulerian Laplacians

Here we show how to apply the Schur complement bounds to Schur compléments of Eulerian
Laplacians.

We begin with a fairly self-contained lemma about Eulerian Laplacians.

Lemma 5.1.10. Suppose that L = D — AT € R™*" is an Eulerian Laplacian associated
with directed graph G = (V, E,w) and let U= 32(L+L"). Then LT DL <2-U.

Proof. Let © € R™ be arbitrary and recall that

Lazli= > wi(x(i)— () and Dy= > wy.

(4,7)eE (i,7)eE
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Furthermore, by Cauchy Schwarz we have that

2

Lalf = | D wiy(z@) —z())| < | D wy| | D wig(z() - ()

(1,3)€E (i,j)€EE (i,4)EE

Consequently,

TITD-Ir.e - N L2l : N2 9. T
z' L' D 'Lz = Z D, < Z Z wi(z(l) —x(§))*=2-z U=zx.
i€[n] i€[n] (i,j)€E

Using this we prove the main bound.

Proof of Lemma 5.1.7. First note that Lpr and Upr must be RCDD as L is Eulerian, and
since Upp > éD FrF it is the case that Ugp is invertible and so is Lgp. Consequently, as
Upr < L}; FU;},L rr from our general bounds on harmonic symmetrizations we have that
[L;},]TUFF [L}_,llm] = U}}. Furthermore, as Upp > —};D FF we have that UE}, = aD;}; and
therefore that

L1 TUprL7L O aD7L 0
Lrpl Urrlpr Orc FEEFC LoD < oL T L D LLYL) .

Ocr Occ Ocr  Occ

As [L)"TD7![LT] < 2 U by Lemma 5.1.10 the result then follows from Lemma 5.1.9. O

Schur Complements after Error

Here, we show that symmetrized Schur complements are robust to small changes to the
original matrix. This will be useful for analyzing the single vertex pivoting algorithm, which

accumulates error as it pivots.

Lemma 5.1.11. If N € R™" satisfies U % Un = 0 and F,C C [n] is a partition of [n]
where Upp = 0 and Npg is invertible, and N and N have the same kernel and cokernel as

U HUn/z(ﬁ - N)U’rl/gH2 <e, then Ugygy = (%)2 Usqn,

P
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Proof. As in the proof of Lemma 5.1.9, given any vector z we define & and = such that
To = To = zZo, TE def —N;},Npczc, TF def —N;‘},—-NFCZC. We then have, again,
zTUSqN]Fz = 27Uz and zTUSC[ﬁ] z=3'U%.

F

Now,

Ip — T = —ﬁ;};[ﬁm]p

= —N7L[(N — N)z]p.

By the guarantee of ﬁ, we have

o5 -],

< 7= [N -]

Ut

This gives

18r — zrllg = |NFH®E - N)e]r||

= H(ﬁ B N)waﬁ

e
1—e¢€ U

<
Then we can write

2 —IZI
21y, , = I3

2
< (lzlg + 1z - zlg)

IA

2
(uwwmm+——wwm)

1+
)|ﬂm

1+e€ ”2
1- USC{&]F

<

N 7N TN
=
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5.1.4 Single Phase Analysis

We need to show that in SINGLEPHASE (Algorithm 7), we do not do an (very expensive)
full sparsification of the entire graph too many times. Second, we our runtime will have a
term that is nearly linear in the sum of the degrees of the vertices we eliminate. To say that
these aren’t too big, we need to bound how much we can blow up the average degree of the
graph and number of edges in it after doing one elimination. The following lemmas help us
bound the running time of SINGLEPHASE, and the number of calls to SPARSIFYEULERIAN

made inside it.

Lemma 5.1.12. Suppose L is an Eulerian Laplacian on n vertices with m non-zeros. In

SINGLEPHASE(L, 6, €), for all k, nnz(S*+D) < (1 +0 (%)) nnz(S®*))

Proof. This is immediate from the fact that the algorithm only selects vertices to eliminate
of at most twice the average degree and that when a vertex is eliminated, O(degree) edges
are added to the graph from each of the P = O(e2?log?(1/6)) calls to SINGLEVERTEXELIM
(Algorithm 10). O

Lemma 5.1.13. Suppose L is an Edlem’an Laplacian on n wvertices with m non-
zeros. In the for-loop of SINGLEPHASE (Algorithm 7), SPARSIFYEULERIAN(-) is called
O(P) = O(e2log?(1/6)) times, each time after the first on an Eulerian Laplacian with
5(n<—:‘6 log®(1/8)) edges. The total running time for a call to SINGLEPHASE(L, 6, €) is
O(m + ne8log"(1/6)).

Proof. The first of the two calls to produces an Eulerian Laplacian S*)| s.t. nnz(S(k)) <
T. After ¢ eliminations, we have an Eulerian Laplacian S¢+F) st. nnz(S*+4F)) > 2T
Meanwhile, by Lemma 5.1.12, and since we eliminate at most n/2 vertices the number of

Non-zeros nnz(S(k“’P )) is upper bounded by
t—1 p t—1 p
(k) 1 —— ) ) < nnz(s® 1 =) < nnz(s® :
nnz(S )g( +O<n—k—i)) < nnz( )E)< +0 - < nnz(S'*W) exp (O(P/n)t)

This means that exp (O(P)t)T > 2T, so t > Q(n/P). Since we perform ¢t eliminations
before each next call to SPARSIFYEULERIAN(-), and the total number of eliminations in a

phase is at most n/2, the number of sparsifications is upper bounded by O(n/t) = O(P).
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The running time for all the sparsification calls combined is 5(m + P .
(n(e/P)~21og(1/6))) 2. This also upper bounds the running time required for vertex elimina-
tions, as SINGLEVERTEXELIM (Algorithm 10) can be implemented to run in time O(d log d),
where d is the combinatorial degree of the vertex being eliminated. With probability 1-0(6),
this also upper bounds the running time required for performing the random vertex selec-
tions of low degree vertices, which can be implemented using a simple rejection sampling

approach. O
Definition 5.1.14. Given an Fulerian Laplacian L, a robustly bounded Schur complement
set verter set J, is a subset of the vertices of L, s.t. for any JCJ and any L where

ot (2-1) i, <

we have USC[E]f < O(1)Uy,.

Lemma 5.1.15. Given an Eulerian Laplacian L, for any fized constant o, an a-RCDD

subset J of the vertices of L is robustly bounded.
Proof. This is immediate from Corollary 5.1.8 and Lemma 5.1.11. O

Our goal is to prove Theorem 5.0.2. Firstly we want to show

Pr [[U}/? (L) — 1) UTLWH2 > €| <0(5) (5.7)

where L is the input to SINGLEPHASE and L(kmex) is the output. Secondly, we also need to
prove the required bounds on the running time. We set up a matrix martingale to help us
prove the theorem. Consider the inner loops (inside k, inside the ¢ loops) of SINGLEPHASE.

We can define the change in each step to be:

X(k)t) déf S(kvt) — S(kat_l).

2. Here we assume that the edge count does not grow by more than a constant factor during a single
vertex elimination. This is only false if ¢ < n~*/2, when our ne™® = n* running time is slower than doing
exact Gaussian elimination, which can then be used instead in this regime.

82



(k.t)

Since Lemma 5.1.4 implies each X has zero expectation, we can define a zero-mean

martingale sequence

Pifk<k
k tiftk=k -
Mkt — Z Z x (kt) _ Z X (ki)
k=1 i=1 (kD (k)

Here we overload the < and < notation to handle pair of variables in the lexicographical

sense. The final step of this martingale is

M(kmaxyp),

Note that it is not the case that in general
L*) #£ L+ M®&P)

because the martingale does not include the changes introduced by calls to
SPARSIFYEULERIAN.
To track the changes caused by SPARSIFYEULERIAN, we need to further define changes

from the sparsification steps: We define Z(® def g(0) S, and for k£ > 0, we let

7(k) Lt g(k) _ g(k.P)

Now, we are able to express the output matrix as
koo
LW =1L+ MEP) 1370,
k=0
We also define the following intermediate matrices:

k—1
L&t — 1, + Mkt 1 Z_z(’;).
k=0

Next, we define stopped martingale variables.

Definition 5.1.16. We define the event of the martingale being safe until (k,t), for
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te{l,...,P+1}
SAFE®?

to mean that both of the following conditions hold:

1. All calls to SPARSIFYEULERIAN strictly before the kth elimination have been successful,

i.e. the approzimation errors at each step are small:

<ée Vk<k.

”Uﬂﬂ Z@hﬁ”2’ <
2

S(k,P) Sk, P)

2. For all indices (k,t) strictly preceding (k,t), i.e. (k,f) < (k,t), we had

/20 r (kD t12]| < o/
|ubPMEIUE2) <o

Note that in addition to the events SAFE(k’l), cees SAFE®F ), we also consider event
SAFE® P+ Index (k,P + 1) does not correspond to a step of the martingale, but the
condition that the martingale has small norm for strictly preceding indices is still well-
defined. This notation will later help us prove statements by induction on the ordered
indices (k,1) < (k,2) < ... < (k,P) < (k,P+1) < (k+1,1) < ....

We then define a truncated Martingale as one where the steps incur no additional error

once it fails. Its variance steps is given by:

_ X®1  if SAFE®?)
X (+t) def (5.8)

0 otherwise.

)

The following sequencé of sums of _X(k’t is another zero mean martingale:

M(kyt) — Z —X_(kvi) .
(kD)< (k,t)

Ultimately, we want to bound the probability of the event that

ul¥ Q(L(km“) - L)Uﬂ/ Il > € occurs. Later, we will prove the following lemma.
L L |,
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Lemma 5.1.17. If SAFE*Y Rolds,

o then we have for all (k,1) < (k,t),

l'U£1/2 (L(;;,Q _ L) UF/QHQ <e and”UF/Q (L(ic) _ L) U}}/QHQ <e, (5.9)

e and we have for all k < k

From this lemma, we see that if we can prove Pr[-=SAFEM™t1LY] < O(6), it will imply
Equation (5.7).
Note that HU}}/zM(’“’t)UF/QH2 > ¢/2 implies HUE/?M(k’t)UE/QHQ > €¢/2. Hence, when

upper bounding the probability of Pr[ﬁSAFE(k ’t)], we can instead consider the higher prob-

)

The matrix Martingale inequality that we use the rectangular matrix Martingale from Cor

ability event

ﬁ<(vicgk. HU“/2 7Rt/ ”2<e) ( (kD) < (k, P). ”U“/2 MOyl

(k,P) S(k,P)

1.3. of [Trol1b].

Lemma 5.1.18 (Matrix Freedman). Let R ...RW) pe a sequence of matrices, and use
Ej [R(J')]

to denote the expectation of RY) conditioned on RU=D RU-2 . RO such that for any i
E: [RO| =0

and HR(i)H2 < p over its entire support. Then for any error t we have:

Pr|3k>0st S RO| >t AND |3 E;_ {R(a ROT 4 R(j)TRu)] <o

i<k i<k

2 2

—t2
<n- — .
=nrexp <100 @+ tp))
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‘As we are always normalizing by Up,, we can define rescaled versions of the martingale,

as well as variances:

— def 5 -11/27=(k,t) y 111/2
M €yl Mot

G (kt) def v 11/2=z(k,t) r11/2
X (k) f it/ ey

Together with a union bound, this allows us to bound Pr[-SAFEM+11] by:

Pr[-SAFE(™ 1]
< ZPr H.U;l(fp) k)UTl(ézp) H > e'] (5.11)
+Pr |3 (k) sit. Hﬁ(k’t)Hg >sAND || 3 E_ [X(kﬂX(kaT + XEDTRI ’”3] < o
B (kD<K 1) 2
(5.12)
+Pr |3kt st | > E [X(k DREDT |, REITR ’”7] > 02| . (5.13)
R (k) <(k,t) )

Each call to SPARSIFYEULERIAN is made with error probability parameter /P and by
Lemma 5.1.13, we call the routine at most O(P) times, so by a union bound and Theo-
rem 5.0.1, the probability at some call fails is at most O(d), which bounds the term (5.11).

The other two conditions rely on truncated Martingales, which rely on the condition

SAFE®:),

Lemma 5.1.17 allows us to bound the error of X (k:t),

Lemma 5.1.19. We have
fxes], <oum

over the entire support of X (k1) unconditionally.

Proof. Note that if SAFE®?) no longer holds, the truncation process sets i(k,t) = 0.

Otherwise, since by Lemma 5.1.17 we have
Uppeaw 2 Ug-1y 20 (1) - Uy,
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we then get

“)A((’Cvt)” = HU'fl/ZX(k,t)Uﬂﬂ” <0o(1) HUTI/2X(k,t)Uﬂ/2

local local

‘2 <O(1/P).

Here the last condition follows from the rescaling factor of 1/P, and the bounds on the

error of the single vertex elimination algorithm given by Lemma 5.1.6 Part 3. O

Lemma 5.1.19 says that the steps of M(*%) have norm bounded by O (1/P). This means
that Lemma 5.1.18 gives that for 02 = w and s = €2, using P = ©(e 2log?(1/5))

and log(1/6) > Q(logn), the probability (5.12) is upper bounded by

—t?

Lemma 5.1.20.

Pr|3(kt) st || Y Egs [XU%@X(’%@T +)A<(’5@TX(’%5>} > 02] < 0(5).
(I;:,f:)s(k,t) 2
Proof.

Pr [El(k,t) st | S B, [REIRGOT L REITRED] | 5 02
(Avf)s(k)t) 9 .

<Pr|3kt) st | > E_gy [i(’%f”i(’%ﬂ > 0%/2 (5.15)
i (kD)< (kst) 5 _

+Pr |3kt st | Y Egy [X(’%@X@@T} > 0?/2 (5.16)
i (kB)<(k,t) 9 i

We will bound each of these two terms by O(9), giving the desired result. Since the proofs
for bounding each of the two terms are essentially identical, we will only handle the first of

the two terms.

When SAFE®? does not hold X(#) = 0. When SAFE®:!) holds, by Lemma 5.1.17,

Ujpeqtwy 2 Ug-1) 20 (1) - Uy,
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and so we can show that

X(k’t)TULX(k’t)T < O(I)X(k,t)TUT X(k,t)T

local(®)

so that

XEDT (k) ULl/ZX(k’t)TU;E X(kyt)UtLlﬂ

t1/2011/2 1111/2 5 (k) Tyot k) 711/2 ¢11/2 1rtl/2
= O(I)UL UlocalUlocalX( Z Ulocaz(k)x( t)UlocalUlocalUL
o(1)

1/2 1/2
= ?UL/ UlocalU{,/

This bound holds unconditionally, so clearly we also have

Ece [X(k,t)TX(k,t)} < }EQ)UF/zUlocalU}}/Q-

Summing for a fixed k over the P samples made in one round of elimination, we get

ST o(1
3 Ecgen [X(k,t)TX(k,t)] < %UE”UMC@;UE/Z.
t

We define Wo =0and Wy =3 >, E<(fc " [ﬁ(’%’t)Tﬁ(’%*t)]. This gives 0 < Wi — Wpg_1.

Starting from Lemma 5.1.19, direct algebraic manipulations then imply that if SAFE®:?)

holds, we have

Hi(k,t)Ti(k,t)”Q <0 (1/P2) ,

and when SAFE®Y does not hold, we get this bound trivially from XED =0. A triangle

inequality then gives

IWx — W]l < O(P/P?) = O(1/P)

and if we let E- [-] denote expectation of Wy, over the random choice of vertex to eliminate,

conditional on all the random choices of the algorithm until the kth elimination, then by

Equation (5.6),
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o(1)

— < 2\
Eck Wi — Wy_] = Pln— k)H
Summing over all k <k, and using k < n/2 gives
1
g E_;[Wg—W;i_1] <0 (F) II1. (5.18)

k<k

We now construct a zero mean martingale which we will use to bound the proba-
bility in term (5.15), by an application of Theorem 3.1.3. Let Vj & Wi — Wiy —
Eck (Wi — Wi_1] = Wi — E<x [Wg]. Vi is zero-mean conditional on the random choices

up to step k and so Ry = Z§=1 V; is a zero-mean martingale.

k
Re=> W; -W; ;- LEj [W; — W;_1]
=1

k
=Wy — E[W; -W,_
k Z <].[ J j-1]
7j=1
Let H = ngk E.; VJQ-. In the terminology of Theorem 3.1.3, Ry is a zero-mean martin-
gale corresponding to Wy, while V} is the associated difference sequence, and Hy, is the

predictable quadratic variation process of Ry,.

Note that unconditionally

2
Hy=) EV;=>E (Wj - W, —E[W; - Wj—l]) <> E(W; —W;_1)°
N < . <7 J X <7
J<k J<k i<k

o(1
<3 B (W - W) [W; - Wyl < Sl (5.19)

P
Jj<k

Let w? = %, for some absolute constant C' chosen s.t. by Equation (5.19), we have
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Pr[3i : Amax(H;) > w?] = 0. Now, by Equation (5.18) we get

k
Pr[3k : Amax(Wk) > 02 = Pr |3k : Amax | R+ > E [W; —W;_4] | > 02}
: J
J=1

<Pr [Hk' : Amax (Ry) > 02 — O_}(}Z]

=Pr [Hk : Amax(Rg) > o? — —O% and Amax(Hg) < wz] .

We now want to apply Theorem 3.1.3, to bound the probability above, with R; as the
zero-mean martingale, V; is the associated difference sequence, and H; as the predictable

quadratic variation process. By Equation (5.17)

([Vi| = HWk - Wy — Ec (Wi — Wi_1]

< max {nwk Wil | E Wi~ Wi

o)
P

} (since both terms are PSD)
<

which gives us a value for the norm control parameter R. Thus by Theorem 3.1.3, and using

02 = %W, log(1/6) > Q(logn), and w? = 0}3) , we get for an appropriate choice of

constants that

o? — O’

Pr |3 Amac(Re) > 0% — 20 and (L) < w2] < nexp i L
P 0-2 + -

<é.
This completes the bound on the probability term (5.15), and similarly, we can show the
term (5.16) is bounded by 4. O

Proof of Theorem 5.0.2. The running time guarantees we need were established in
Lemma 5.1.13. Based on Lemma 5.1.17, we observed earlier that Pr[-SAFE™+1] < 0(4).
implies Equation (5.7). Our bounds on each of the terms (5.11), (5.12) (see Equation (5.14))

and (5.13) (see Lemma 5.1.20)) establish this, hence proving the theorem.
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Finally, we prove Lemma 5.1.17, which we used above to prove Theorem 5.0.2.

Proof of Lemma 5.1.17. We consider an ordering (k,1) < (k,2) < ... < (k,P) < (k,P +
1) < (k) < (k+1,1) < ... and so on. We prove by induction on this ordering, that the two

claims of Lemma 5.1.17 hold for index (k,t). From
L&Y 1, = Mkt 4 Z VAQ)
k<k
and using a triangle inequality we get
11/2 (1 (kt) _ 1/2 11/2 r(k,t)p711/2 11/20 (k) g711/2
ot (9 -2) v, < Jlop mtoup], + 3 Jupz®up],.
k<k

Our actual induction hypothesis for index (k,t) is that Equation (5.10) hold for that index,

and a slightly strengthened version of Equation (5.9) namely that SAFE®? implies

Z HUE/QZ(,;)UE/QH <Ce # calls to SPARSIFYEULERIAN stricly before (k, t) (5.20)
. 2~

P
k<k

for some constant C' s.t. the guarantee of Lemma 5.1.13 that the number of calls to

SPARSIFYEULERIAN is O(P) ensures Cle2-¢2l1s 10 SPARSIFYEULERIAN < ¢ /9 This in turn gives
Equation (5.9), from a triangle inequality combined with Part 2 of Definition 5.1.16.

As our base case, we consider the index (1,1). We call SPARSIFYEULERIAN(L, §/P, ¢)
to compute S(® and SAFELD guarantees this call succeeded. So Theorem 5.0.1 imme-

diately tells us that HU{I/ 2Z(0)U£1/ 2

) <€ < %, establishing Equation (5.20) for this
index. This in turn gives Equation (5.9), from a triangle inequality combined with Part 2

of Definition 5.1.16:
o (0 -x) 027, =«

From Lemma 5.1.15, we then immediately get Equation (5.10). Next, we consider prov-
ing the inductive statements when SAFE®+1) holds, assuming the induction hypoth-

esis holds for SAFE®?  In this case, the condition in Equation (5.10) remains un-
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(k%) The sum

changed, so it follows immediately from the induction hypothesis for SAFE
Y i<k HU}}/ QZ(E)UE/ 2H2 and upper bound we want for it also remain unchanged, so again
we get Equation (5.20). This gives Equation (5.9), from a triangle inequality combined with

Part 2 of Definition 5.1.16, i.e. for (k,%) < (k,¢+ 1) we have
o2 19 -5) o <

Now we consider proving the inductive statements when SAFE*+LD holds, assuming the in-
duction hypothesis holds for SAFE®*-+1)_ From the induction hypothesis for SAFE®F+1)

we have that
jor (- 5) ] <

From Lemma 5.1.15, we then get Ugk,py = O (1) - Uy,. This ensures that if a call to

(k+1,8)

SPARSIFYEULERIAN was made at the end of kth elimination, then since SAFE guar-

antees the call succeeded, we have

Sk, P) Sk, P)

HUE/?Z(O)UE/Ql‘z < 0(1)HU“/2 7.0 ytL/2 H Ce

< < =,
2_O(l)e_ B

This then proves Equation (5.20) for SAFE®+1Y) which gives Equation (5.9) from a triangle
inequality combined with Part 2 of Definition 5.1.16. Finally, by Lemma 5.1.15, we then get
Ug = O (1) - Ur, which proves Equation (5.10) for SAFE*+1L1).,
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Appendix A

A.1 Schur Complements and Pseudo-inverses

Consider a general PSD matrix of the form

T

A O R 0 A O
M:
B I 0T B 1

where A is invertible and I is the identity matrix on a subset of the indices of M.

Based on Fact 2.1.1 for vectors orthogonal to the null space of M we have

-7 -1

A O Rt O A0
z Mtz =z x
B I o Tt B I

Recall the general formula for blockwise inversion:

-1
A C A1+ A-lC(D-BA-1C)"!BA-! —A-lC(D-BA-1C)!

B D —(D -BA!C)"1BA! (D-BA-lC)!

By applying the formula for blockwise inversion and simplifying, we get

-1
A O A7l o0

B I -BA7! 1
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So

T
A7l 0 Rt O Al 0
z Mte=g' A .
-BAl' 1 0 Tt —-BA ! 1
0
Suppose x = , and again x is orthogonal to the null space of M. Then
Y
T T
T 0 A7l 0 Rt 0 A1 o) (o0
' Mtz = (A.2)
Y -BA7! 1 0 T+ -BA! 1 Y
= yTT+y.

From the above we can conclude the following fact.

Fact A.1.1 (Schur Complements and Pseudo-Inverses). Suppose U is an undirected Lapla-
cian. Let S = SC[U]L. Then Ms(Ut) ¢ cIlg = SC'[U]TC.

A.2 Deferred Proofs from Chapter 5

We first show the overall error accumulation from Lemma 5.0.3. The proof relies on the

following lemma about the accumulation of errors.

Proof of Lemma 5.0.3. Lemma 5.0.2 gives

“U:({:) (L(ip) _ L(ip+1)) U:({j)

) < Ope,
for any 0 < p < pmax- By Lemma B.2 of [CKP*16b], we have for every p
27 (L) — L0+ 7 < ¢ (7 Ug(ep) 7 + 7 Ugien7) -
So summing over these gives
27 (L<0> - L(@) 7< e (FTFZ + {TFF) .
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Again by Lemma B.2 [CKP*16b], this gives

HFT1/2 (L(i) _ L(O)) F’r1/2” <e.

A.2.1 Proof of Lemma 5.0.4

In order to prove Lemma 5.0.4, we define a new matrix i*:‘, which is made up of the various
Schur complements of the final matrix L™ onto the corresponding intermediate spaces. Let

I, = {ip...n} be the set of vertices remaining after first p phases. Let

= def .

0<P<Pprmax ip-on}

where ), 6, = 1 and 0, > 1/O(pmax) = 1/O(log n).

Rewriting F as differences between consecutive steps shows that it is in fact close to F.

Lemma A.2.1. With high probability, the matrices F and F as defined in Equations 5.2
and A.3 respectively satisfy:

:/E\‘ %O(pmax) F:

where pmax = O(logn) is the number of invocations of SINGLEPHASE (Algorithm 7) by

EULERIANLU (Algorithm 8).

Proof. The key observation is that because the Schur complement steps after step i, are
completely contained among the vertices {ip,...n}, the difference between F and F can be
bounded using the discrepancies at the steps.

Formally, the choice of pivots means we have

Usquol,, ,, = st + 2 (UL@,) - UL@,H)) :
D

'>p
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which when substituted into the formula for F gives:

F= ) 6Ugm+ ZGP< L(ip'+1)>'

0<p<Pmax 0<p<Pmax p'>p
Collecting the terms related to F, and reversing the summation on the p’s turns this into:
For+3 (36 ( UW).
p'2p \p<p’

By triangle inequality we then get:

HFM/z (F F) F11/2H <3 (Y6, “Fﬂ/2 ( ) UL<n>) FiL/2

P p<p’ 2

Since ) 6, = 1, the above is at most €pmax provided the maximum error over any consecutive

sequences of phases is €, which happens WHP by Lemma 5.0.3. Since the € argument to

EULERIANLU (Algorithm 8) is required to be < 1, the desired result follows. |
Lemma A.2.2. Let L be a (possibly asymmetric) matriz, Iy = V,...,Ip_ .. —1 be nested
subsets of indices, i.e., Ig C Ipy1 C ... C Iy .1 and cg,c1,...,cp be constants. Then

~

F < LTF'L,

where L def LM,

Proof of Lemma A.2.2. Let M be any matrix with M + M7 > 0 and define

TN\T t $T7\ T
e 7 (ML) g (MM

By Equation 2.1 and Theorem 2.2 in [Mat92] we have Cy > Upnm and Csqm), = Sc[Cwm); -
Together with the identity Sc[P]; < P when P > 0, these imply

Usgmy, = Csqmy, = Cwm. (A.4)
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It suffices to show that for any p we have Ug df] = in‘fi, which is equivalent to

Ip

i e ¥
< 81 = ((TTE ,
Usgiy, = So|LTFIL] . ((L FIL) (1)
Inverting both sides then reduces it to U;c[i] > (ffff‘f‘”) [Ip] . Using the definition of F
Ip

gives

R G= Y o (ifUSCmI

0<p' <pmax P

)

Now we consider the terms separately and show that <ffos df] ETT) [Ip] 2 U; for
Ip/

qI,,

every p/, which will imply the lemma. There are two cases.

p<yp:
By Equation A.4, we have
T T T T T THT
(LTUSc[ﬂL LTT) = (LTCSc[EL LTT) 1= (Foug, B7) 151
24 o’
As the support of Cg df] is also restricted onto I, we can replace L' and LT with

Ip

their restrictions onto I,. Using L![I,] = Sc [Ii} Lowe have

4

(i*CsC[i]Ip f,fT) [1,] = Sc [i] L, Sc [f,] . U;C[i] . Sc [ﬁ] Z, Sc [E} Z (A.5)

p’<p:

As I, C Iy, we can write this operator as

(ﬁUsC[i]I ,f”) 5] = ((iTUsC[i]I /fﬁ> [M) [1,]

Once again, the restriction to I,y in both the middle and the outer terms means

t
(iTUSc[f]I IfJTT) [Ip/] = Sc [f:] Ip/ USC[i]I / Sc [i][ ) = <CSc[f.]I /) .

P
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Plugging this back in, and applying the identity about Schur complements of subsets

of vertices gives:

1,

t
(ETUsc[z],,ﬁT> = (CSc[i]I) ) = gt = (Cogs, ) -

4

T
, 3 t
Now, from Cy = Um we have (CSc[L]zp) = USc[f.]Ip'

We can now conclude things formally.

Proof of Lemma 5.0.4. By Lemma A.2.2, F =< (L(“))Tf‘TL(”). By Lemma A.2.1, we have

w.h.p. that F RO(log(n)) - Thus, we have

-
1/0(log?n) - F < (L(")) FiL®

A.3 Lemmas about Finding RCDD Sets

We now give some lemmas which we use to prove Theorem 5.1.1, which says that we can

quickly find a-RCDD sets in a directed graph.

Lemma A.3.1. Let L € R™ " be an Eulerian Laplacian and let F C V be a random subset

1

of size k. Then the expected number of i € F' such that 3 ;cp ;s |Lij| = 45

kX (1 + a)/n.

|Lii| is at most

Proof. We have that for all j # ¢

rverien= I (-55) = T (550) =05

i€lk~1] ie[k—1]

and therefore Prj€ Fli€ F] = £l Since > jerjzi|lLijl = Li we have that
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E [ZjGF’#i |Li;| y} = (%:—}) L;; and that by Markov’s inequality

1 . k—1
Pr Z |Lij|ZmLii|leF S(ﬁ) (1+Ol)

JEFj#i N

and since

Pr[igéF]:H(l_;fJ—r_lr—_i):Hni;ii: n 21_5‘

iclk] ic[k]

we have that Pr[i € F] = £ and the expected number ¢ € F' such that > jer gz Lijl = ﬂl_—a

is at most

: 1 , 1 :
S PriieF, > ILijl = 17— => Prlie F]Pr| > Lij| > T Luli€ F

i€[n] JEF,j#1 i€[n] jeF,j#i
k-1
<
_k<n—1> 1+a)
Since k < n we have (k—1)/(n—1) < k/n and the result follows. O

Lemma A.3.2. Let L € R™"™" be an Eulerian Laplacian, let FF C V be a random subset
of size k and let F' C V be the elements 1 € F for which ZjeF,#i |Li;| < 14%Q|Lu| and
Zje;ﬂ,#i |Lj;| < Ti‘c?lLii‘ then with probability at least 1/2 we have
|F'| >k |1- _ 4k
1+ a)n
and therefore for k = 'sz:-_an Lpipr is a-RCDD with |F'| > Wln-i-_a) with probability at least
1/2.

Proof. Applying Lemma A.3.1 to L and LT we see that the expected number of elements
¢ € F for which } ;e iy |Lij| 2 l—ia|Lii| is at most k(1 + )/n and the expected number
of elements ¢ € F for which > 0, p i ; [Lij| > HLO‘]LM is at most k?(1+a)/n consequently an
expected 2k%(1 + o) /n are removed from F' to get F’. Consequently, by Markov’s inequality

with probability at least 1/2 at most 2k%(1 + a)/n are removed from F' to get F’ g
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A.4 Matrix Facts

Lemma A.4.1. Let L,L,F be arbitrary matrices with ker(L) = ker(LT) = ker(L) =
ker(LT) = ker(F) = ker(FT). Suppose |[F*+/?(L — L)F/2|| < ¢ and that vF < LTF*L.

TFtL ~ LTF+L,
Then LTF LNO(€+£) LTF~L.

Vi

Proof. We have

B2 - D)F*?)| < e

(L = L)z|p+ <e-|z|lr vz
[ILalles — [ Eallps| < e/v7 - [ Lalle- va
i~ ~ 2 o~ ~
‘:cTLTFJFLa: - wTLTF+Lw‘ <0 (i n 5-) T an 10 vz,
: VYO
which is one definition of the desired condition. O
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